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3" Semester Electrical

Th1. ENGINEERING MATHEMATICS -l

(COMMON TO ELECT,ETC, AE & | and other Allied branches of Electrical and ETC )

Name of the Course: Diploma in Electrical Engineering

Course code: Semester 3
Total Period: 60 Examination : 3 hrs
Theory periods: 4P / week Internal Assessment: 20
Maximum marks: 100 End Semester Examination :: | 80

A. RATIONALE:

The subject engineering mathematics-lll is a common paper for engineering branches. This
subject includes complex numbers, Matrices, Laplace Transforms, Fourier series, Differential
equations and Numerical Methods etc for solution of engineering problems.

B. OBJECTIVE:
On completion of study of Engineering Mathematics-Ill, the students will be able to:

1. Apply complex number concept in electricity , Quadratic equation , Imaginary numbers
in signal processing, Radar & even biology ( Brain Waves )

2. Apply Matrices in Engineering fields such as Electrical Circuits and Linear
programming.

3. Transform Engineering problems to mathematical models with the help of differential
equations and familiarize with the methods of solving by Analytical methods, Transform
method and operator method and Numerical methods.

4. Solve algebraic equations by iterative Methods easily programmable in computers.

5. Analysis data and develop interpolating polynomials through method of differences

C. Topic wise distribution of periods:
Sl. No. Topics Period
1 Complex Numbers 06
2 Matrices 04
3 Differential Equations 10
4 Laplace transforms 12
5 Fourier Series 12
6 Numerical Methods 04
7 Finite difference & interpolation 12
Total: 60

D. COURSE CONTENTS

1.

Complex Numbers

1.1 Real and Imaginary numbers.
1.2 Complex numbers, conjugate complex numbers, Modulus and Amplitude of a complex

number.

1.3 Geometrical Representation of Complex Numbers.
1.4 Properties of Complex Numbers.
1.5 Determination of three cube roots of unity and their properties.
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1.6 De Moivre's theorem
1.7 Solve problems on 1-1 - 1-6

2, Matrices
2.1. Define rank of a matrix.
2.2. Perform elementary row transformations to determine the rank of a matrix.
2.3. State Rouche's theorem for consistency of a system of linear equations in n
unknowns.
2.4. Solve equations in three unknowns testing consistency.
2.5. Solve problemson2.1-24

3. Linear Differential Equations
3.1. Define Homogeneous and Non — Homogeneous Linear Differential Equations with
constant coefficients with examples.
3.2. Find general solution of linear Differential Equations in terms of C.F. and P.I.

3.3. Derive rules for finding C.F. And P.l. in terms of operator D, excluding% s

o)
3.4. Define partial differential equation (P.D.E) .
3.5. Form partial differential equations by eliminating arbitrary constants and arbitrary
functions.
3.6. Solve partial differential equations of the form Pp + Qq =R
3.7. Solve problems on 3.1- 3.6

4. Laplace Transforms
4.1. Define Gamma function and I'(n + 1) = n! and find I‘(E) =+m.

4.2. Define Laplace Transform of a function f{t) and Inverse Laplace Transform .
4.3. Derive L.T. of standard functions and explain existence conditions of L.T.
4.4, Explain linear, shifting property of L.T.

4.5. Formulate L.T. of derivatives, integrals, multiplication by t™ and division by .

4.6. Derive formulae of inverse L.T. and explain method of partial fractions .
4.7. solve problem on 4.1- 4.6

5. Fourier Series

5.1. Define periodic functions.

5.2. State Dirichlet’s condition for the Fourier expansion of a function and it's
convergence

5.3. Express periodic function f(x) satisfying Dirichlet’'s conditions as a Fourier series.

5.4. State Euler's formulae.

5.5. Define Even and Odd functions and find Fourier Series in
(0=x=Zmand —m=x=m).

5.6. Obtain F.S of continuous functions and functions having points of discontinuity
in(0=x=2nand —nm=x=m)

5.7. Solve problems on 5.1 - 5.6

6. Numerical Methods

6.1. Appraise limitation of analytical methods of solution of Algebraic Equations.
6.2. Derive lterative formula for finding the solutions of Algebraic Equations by :
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6.2.1. Bisection method
6.2.2. Newton- Raphson method
6.3. solve problems on 6.2

7. Finite difference and interpolation

7.1. Explain finite difference and form table of forward and backward difference.
7.2. Define shift Operator (E) and establish relation between E & difference operator(4).

7.3. Derive Newton'’s forward and backward interpolation formula for equal intervals.
7.4. State Lagrange's interpretation formula for unequal intervals.
7.5. Explain numerical integration and state:
7.5.1. Newton’s Cote's formula.
7.5.2. Trapezoidal rule.
7.5.3. Simpson’s 1/3™ rule
7.6. Solve problems on 7.1-7.5

Syllabus to be covered up to L.A.
Chapter: 1,2,3 and 4

Learning Resources:

SI.No | Title of the Book Name of Authors Name of Publisher

1. Higher engineering Dr B.S. Grewal khanna publishers
mathematics

2. Elements of mathematics Vol- | Odisha state bureau of text book preparation and
1 production

3. Text Book of Engineering C.R Mallick Kalayani publication
Mathematics-I

4. Text Book of engineering C.R Mallick Kalayani publication
mathematics-Il




COMPLEX NUMBERS

ALGEBRA OF COMPLEX NUMBERS:

Definition — Real and Imaginary parts, Conjugates, Modulus and amplitude form, Polar form of a com-
plex number, multiplication and division of complex numbers (geometrical proof not needed) — Simple
Problems. Argan Diagram — Collinear points, four points forming square, rectangle, rhombus and paral-
lelogram only. Simple problems.

_._ DE MOIVRE’S THEOREM
Demoivre’s Theorem (Statement only) — related simple problems.
ROOTS OF COMPLEX NUMBERS

Finding the nth roots of unity - solving equation of the form x"+ 1 = 0 where n < 7. Simple problem:s.

ALGEBRA OF COMPLEX NUMBERS

Introduction:

Let us consider the quadratic equation ax? + bx + ¢ = 0. The solution of this equation is given by the

—bx+/b>—4
formula x= 2—ac which is meaningful only when b* — 4ac > 0. Because the square of a real
a

number is always positive and it cannot be negative. If it is negative, then the solution for the equation
extends the real number system to a new kind of number system that allows the square root of negative
numbers. The square root of — 1 is denoted by the symbol i, called the imaginary unit, which was first
introduced in mathematics by the famous Swiss mathematician, Leonhard Euler in 1748. Thus for any
two real numbers a and b, we can form a new number a + ib is called a complex number. The set of all
complex numbers denoted by C and the nomenclature of a complex number was introduced by a Ger-
man mathematician C.F. Gauss.

Definition: Complex Number
A number which is of the form a + ib where a, b € R and i* =— 1 is called a complex number and it

is denoted by z. If z=a + ib then a is called the real part of z and b is called the imaginary part of z and
are denoted by Re(z) and Im(z).

For example, if z= 3 + 4i then Re (z) = 3 and Im (z) = 4.
Note:

In the complex number z = a + ib we have,

(1) Ifa=0 then z is purely imaginary

(i1) If b= 0 then z is purely real.

(iii))z = a + ib = (a, b) any complex number can be expressed as an ordered pair.
Conjugate of a complex number:

If z=a + ib then the conjugate of z is defined by a — ib and it is denoted by 7z . Thus, if z=a + ib
then z=a—ib .



Results:
() z=z

Z+ Z 7Z—Z

&b=1 =
2 m(2)

i)z +2z,=2z+2
1 2

(i) a= Re(z)=

(iv) z,—z,= 72 —2

(V) 7,2, = ;1 ;2

(vi) (;—‘} =2 Where z,#0

V4
(vii) 2"=(2)"
Algebra of complex numbers:
(i) Addition of two complex numbers:
Letz =a+iband z, = ¢ + id be any two complex numbers then their sum is defined as
z, tz,=atib+tct+tid=(at+tc)+i(b+d)eC
z+z =2a Real number.
(ii) Difference of two complex numbers:
Letz =a+iband z, = ¢ + id be any two complex numbers then their difference is defined as
z,—z,=(a+ib)-(c+id)=(a-c)+i(b-d)eC
z—z =2ib Imaginary number.
(iii) Multiplication of two compelx numbers:

Letz =a+iband z, = ¢ + id be any two complex numbers then their product is defined as,
z,z, =(a+ib)(c+id)
=ac+iad+ibc+i*bd
=(ac—bd)+i(ad+bc) e C
zz =(a+ib)(a—ib)=a’+b?
(iv) Division of two complex numbers:

Letz =a+iband z, = ¢ +id # 0 be any two complex numbers then their quotient is defined as
z, a+ib c—id |ac+bd| .|bc—ad

- = X | 2 2 H— 2

z, c+id c—-id [c +d c'+d

Modulus of a complex number:

If z=a + ib is a complex number then the modulus (or) absolute value of z is defined as /a? + b?
and is denoted by | z |. Thus, if z=a+ibthen |z |= \/a’+ b? .
Note:

(i) |z|=|zE Va*+ b’

(i) | 2= N2z = Va’ + b?

(i) Re(z) < | z| and Im(z)< |z]|



Polar form of a Complex Number:

y

Let (r, 0) be the Polar co-ordinates of the point P representing the complex bz

number z = a + ib. Then from the fig. we get, @
oM . PM b
c0s6=—=3 and sinf=——=— //\(P\
r OP r < b
=a=rcosOandb=rsin0 0
where r=+/a’+ b”> =|a+ib]| is called the modulus of z = a + ib. © a M o

Also, tan6= b =0=tan" [E) is called the amplitude or argument of z = a + ib and denoted by
a a

amp(z) or arg(z) and is measured as the angle in positive sense. Thus, arg(z) =0 = tan (;} .

Hence z=a + ib =r (cos 0 + i sin 0) is called the Polar form or the modulus amplitude form of the
complex number.

Theorems of Complex numbers:

1) The product of two complex numbers is a complex number whose modulus is the product of
their modulii and whose amplitude is the sum of their amplitudes

e, |z, z,|=|z||z|
and arg (z, z,) = arg (z)) + arg (z,)

2) The quotient of two complex numbers is a complex number whose modulus is the quotient of
their modulii and whose amplitude is the difference of their amplitudes.

| Z | (Z] \
= wehre Z, # 0 and arg LZ_J = arg(z,) —arg(z,) .
2

12, |

Z

Zy

Euler’s formula:

The symbol e* is defined by € = cos 6 + i sin 0 is known as Euler’s formula.

If z # 0 then z=r (cos 0+i sin 0)=re®. This is called the exponential form of the complex number z.
Note: If z=re® then z=re ™ .
Multiplication and Division of complex numbers (Geometrical proof not needed)

Letz =r (cos0 +isin6)andz =r,(cos0,+isinb,)

be any two complex numbers in Polar form then their product is given by

z,z,=171,[cos(0+0)+isin(0+0,)]
Also the division of the above two complex numbers is given by
Zl

= [cos(0,—0,) +isin (6 0,)] where 7, # 0.
r2

Z,
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WORKED EXAMPLES
PART - A
Ifz =2+3iandz,=4-5ifindz, + z,.
Solution:
Given: z =2+3i & z,=4-5i
z, +z, =(2+3i)+(4-5i)
=2+3i+4-5i
=2 +4)+3i-5i)

N A

Ile =3 —-4iand z,=— 2 + 31 find the value of2z1 - 322.

Solution:
Given:z =3-4i &z,=-2+3i
2z -3z, =2(3-4i)-3(-2+3i)
=6-8i+6-9i
= (22, —3z,=12-17i|

Express: (3 +2i) (4 +2i) in a + ib form.

Solution:
(3+2i)(4+2i) =12+6i+8i+4i’
=12+ 14i-4
=8+ 14i=a + ib form.
Find the real and imaginary parts of ﬁ
Solution:
Let z= o= : _><3_2%
3+21 3+21 3-2i
. 3-2
By @)
_3-2
C9+4
_3-2i
K
o= 2
13 13

. Re(z)= % & Im(z)= I—3
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1
5. Find the conjugate of 1+i

Solution:
Letz=L.:L,x1—7%
I+1 I+1 1-1
1
IOI03
BE
1+1
1
2
i
= |z=———
2 2

.Conju a‘[e'E—lnLi
o jugate : >t

6. Find the modulus and amplitude of 1 + i.
Solution:

Letz=1+1
Herea=1 & b=1

Modulus | z}= a> + b* = \J(1)* + (1> = I+ 1= 2

and amp(z)= 0= tan "' (E) =tan' Gj = tan '(1)
a
= 0=45°

PART -B

4+ 51
3-2i°

1. Find the real and imaginary parts of

Solution:

4+5i:4+5ix3+2i
3-2i 3-2i 3+2i
12+ 8i+ 151+ 10i°

e -)
_12+23i-10
=
2+23i

13

2 23

ENEE)

Letz=

z

2 23
- R =— &I =—
e(z) T m(z) T



in a + ib form.

2. Express the complex number -+ -
3-21 2-3i
Solution:
Let z= -+ ! -
3-21 2-3i
1 3+ 2i 1 2+3i
= X + +
3-21 3421 2-3i 2+3i
_3+2i N 2+3i
3¥+2° 2°+3
3+ 2i+ 2+ 31
13
_5+51
13
z=i+ ii= a+ib form
13 13
3. Find the modulus and argument of the complex number 1—71 .
+1
Solution:
Letz=1_%= 1_%x1_%
I+1 1+1 1-i
B l—i—i+i’
(D - ()
_1-2i-1
1+1
_-i
2

z=—-1 wherea=0&b= -1

Modulus:| z = \Ja> + b? = \/(0)2 + (1) =A1=1
Argument : tan0 = E= ;1:
a 0

0= tan ' ()= 90°

[e¢]

The complex number —i = (0, — 1) lies IIIrd Quadrant.
Hence amplitude = 180° + 90° = 270°.
PART - C

. o d+1) (2-1)
1. Find the real and imaginary parts of the complex number R

Solution:

_— (1+1) (2-1)
1+ 3i
2—i+2i-i’
1+ 31
_2+i1+1
T 1+3i

Le




_3+i 130
1+3i 1-3i
3-9i+i-3i
W -Gy
3-8i+3
149
_6-8i
10
34
5
zZ= E—ﬂ= a+ ib form.
5 5

.. Re(z)= % & Im(z)= —%

i—4 4i+1
2. Express the complex number : -+ - in a + ib form.
3-21 2-31
Solution:
Let 7= 174'Jr 41+1'
3-21 2-3i

i-4 3+21 4i+1 2+3i
= X + X
3-2i 3+2i 2-3i 2+3i
3i—12+2i* -8 8i+2+12i%+3i

+

3¥+2° 2°+3°
-5i—-14 11i-10
= +

13 13
_6i-24

13

-24+61 24 6i .
=——=——+—=a+ib form
13 13 13

1+ 33

3. Find the modulus and amplitude of Broi
i

Solution:

14343

- \/§+ 21

14331 AB-2i

~ a2 B

B 2i+9i-64/31

(B -y

3+ 7i+ 643
3+ 4
73+ 7

-~

73+

7

z=+3+1=a+1ib form

Let z
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Herea=+/3 & b=1
. Modulus:|z|=+a’+ b> = \J3) + (1)) =3+ = 4=2

Amplitude: 0= tan "' [E) =tan"' [Lj =30°
a 3

5-1
4. Find the modulus and argument of the complex number > 3
-3i
Solution:
Let z= > 1,
2-31
S5—1 2+3i
= X
2-3i 2+3i
_ 10+151—2i-3i°
(2) - @iy’
_10+13i+3
4+9
_13+13i
13
_13(1+1)
13
z=1+1=a+ib form y
Herea=1&Db=1
P(z)
Modulus:| z = v/a® + b> = \/(1)2 +()? =1+1=2 3
~
1 S
Amplitude :0 = tan™' (E) =tan"' [—] = tan"' (1) ¢ b
a 1 N
= 0=45° 9
O a M X

Argand Diagram

Every complex number a + ib can be considered as an ordered pair (a, b) of real numbers, we can
represent such number by a point in xy-plane called the complex plane and such a representation is also
known as the argand diagram. The complex number z = a + ib represented by P(z) then the distance

between z and the origin is the modulus.ie|z | va’+ b’

Here the set of real numbers (x, 0) corresponds to the x-axis called real axis and the set of Imaginary
numbers (0, y) correponds to the y-axis called the imaginary axis.

Result:

The distance between the two complex numbers z, and z, is | z, — z, |. Thus, if z = x, + iy, and
z,= %, iy, then |7, =7, b (%, =x.)’+ (v, = y.)" -
Collinear Points:

If A, B and C are any three points representing the complex numbers x, + iy , x, + iy, and x, + iy,
respectively, are collinear then the required condition is, the area of A ABC is zero.

1
1.€. E[xl(yz =Y+ X, (¥, —y)+ X (Y, —y,)]=0

8
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Lex (y,-y) + % (y;—y) tx,(y,~y,) =0 D

Xy 1
ie.|x, y, 1/=0 A
X; y, 1 C
Condition for square:
If A, B, C and D are any four complex num- B

bers representing the vertices of a square then  the
required condition is

D C
(i) AB=BC=CD=DA

i.e four sides are equal. 1 1
(il)) AC=BD

i.e the diagonals are equal A : B

Condition for rectangle

If A, B, C and D are any four complex numbers represents the vertices of a rectangle then the
required condition is,

D C
(i) AB=CD and BC =DA. 1 1
i.e Opposite sides are equal. T 1
(il)) AC=BD

A - B

i.e the diagonals are equal.
Condition for rhombus

If A, B, C and D are any four complex numbers represents the vertices of a rhombus then the re-
quired condition is

AB=BC=CD=DA
i.e four sides are equal.
Condition for Parallelogram
If A, B, C and D are any four complex numbers represents the vertices of a parallelogram then the
required condition is either,
mid-point of the diagonal AC = mid.point of the diagonal BD.
(or) The length of the opposite sides are equal. i.e AB = CD & BC = DA.
Note:
(i) To find length of the sides and diagonals of square, rectangle, rhombus and parallelogram apply
the distance formula.
1.e distance: AB = \/(X1 - x2)2 +(y, — y2)2 etc.
(i1) To find the mid.point of the diagonals of the parallelogram apply middle point formula,

X +X, yity,
X, =T T <
(x,y) [ > 5 }




WORKED EXAMPLES
PART - A
1. Find the distance between the complex numbers 2 + i and 1 -2i.
Solution:
Letz =2+i&z,=1-2i
. Distance: z,z, = \/(2 —1)’+ (1+2)
=l|z,z,= N

PART - B
1. Show that the complex numbers 1 + 2i, 3 — 2i and 6 — 8i are collinear.
Solution:
Given complex numbers are
A:1+2i=(1,2)
B:3-2i=(3,-2)
&C:6-8i=(6,—18)

Xy 1
Condition for collinearis [x, y, 1|=0
X; y; 1
1 2 1
21 31 3 2
LHS:|3 2 1|=1 -2 +1
-8 1 6 1 6 -8
6 -8 1

=1(-2+8)-23-6)+1(-24+12)
=1(06)-2(-3)+1(12)
=6+6-—12
=12-12
=0

.". The given complex numebrs are collinear.

2. Show that the complex numbers — 1 + 1, 3 + 2i, 2 + 2i and — 2 + i form a parallelogram.
Solution:

Let the given complex numbers are

A:—-1+i=(-1,1)

B:3+2i=(3,2)

C:2+21=(2,2)

D:-2+i=(-2,1)

10



. . —1+2 1+2 13
Mid —point of AC = XX , Yi* Y| ZF , e — = e )
2 2 2 2

3-2 2+1

Mid —pOil’lt of BD = ‘:T,T:lz l:—, —:| ............ (2)

From (1) & (2), Mid-point of AC = Mid-point of BD.
= Given complex numbers form a parallelogram.

PART - C

1. Prove that the points representing the complex numbers 3 + 2i, 5 + 4i, 3 + 6i and 1 + 4i form a
square.

Solution: D(1, 4) . C(3, 6)

Let the given complex number be

A:3+2i=(3,2)
B:5+4i=(5,4) ,
C:3+6i=(3,6) AG.2) BG:4)
&D:1+4i=(1,4)

Now,

AB=\J(x, )+ (v, %) =35y + 2 4) = (2 + (27 = AT 4= &

BC=J(x, =%, + (¥, — ¥,) = (3 -3) + (4—6)* = /(2 + (-2)* =4+ 4=18

CD= (%, =X.)’+ (3, = ¥,)" =B =1 +(6-4) = (2’ + (2 = V4+ 4=

and DA= \J(x, = %,)" + (v~ ;)" = J(1=3)+ (4-2) = (-2 + (2" = 4+ 4=B

Als0,AC = \J(x, = X,) + (¥, — ¥,)" =J(3-3)*+ (2-6)' = {(0)" + (-4) =16 =4

BD= \/(Xl _X2)2+(Y1 _YZ)2= \/(5_1)2+(4_4)2 = \/(4)2+(0)2 = \/Ez 4

Here the sides AB=BC =CD=DA= ./8
& diagonals AC=BD =4
.". The given complex numbers form a square.
2. Prove that the points representing the complex numbers 2 —2i, 8 + 41, 5+ 7i and — 1 + i form a rect-
angle.

Solution: D(-1, 1) . CG.7

Let the given complex numbers be,
A:2-2i=(2,-2)
B:8+4i=(8,4)
C:5+71=(5,7)
&D:—1+i=(-1,1)

AQ2,-2) : B (8,4)

11



Now, AB=/(x, = %,) + (¥, — ¥,)* = /(2= 8)* + (2= 4)* = \(=6)* + (-6)* = \36+ 36 = \/72

Now, BC=\/(x, ~X,)*+ (v, = ¥,)* = (8 =5 + (4-7)* = /(3 + (-:3) =0+ 9 = V18

CD= (X, =X, >+ (y, = ¥,)* = 5+ 12+ (7= 1) = {J(6)* + (6)* = 36+ 36 = \/72

& DA=J(x, ~x,) +(y, ~¥,)* = J(-1-2)+ (1+ 2)* = (-3 + (3) = 9+ 9= /I8
Also,AC = J(x, =X, + (v, = ¥5)* = (2 =5+ (2= 7)* = J(=3)* + (=9)* = /9+ 81= /90

BD = \/(x, = %,)*+ (v, - ¥,)° = B+ 1>+ (4—1)* = J(9)* + (3)* = /81+ 9 = /90
Here the sides AB=CD = \/73
BC=DA= VI8
and diagonals AC = BD = J90

.". The given complex numbers form a rectangle.

3. Prove that the points 3 + 4i, 9 + 8i, 5 + 2i and — 1 — 2i form a rhombus in the argand diagram.

Solution:
Let the given complex numbers be, Pl
A:3+4i=(3,4) B:9+8i=(9,8)
:5+2i= —1-2i=(-1,—
C:5+2i=(5,2) & D:-1-2i=(-1,-2) AG.4) C(5,2)
B (9, 8)

AB= \/(Xl 7X2)2+ (Y1 *Y2)2 = \/(3*9)2"' (4*8)2 = \/(*6)24' (*4)2 =+/36+16= \/5_2

BC=/(x, =%, + (v, - ¥,)* = O =51+ (8—2)* = {J(4)* + (6)* = 16+ 36 = /52

CD=\J(x, %)+ (v~ v2)’ =5+ D7+ 2+ 2" = (6 + (4)" =36+ 16=/52
& DA=J(x, %)+ (v, =y = (137 + (2-4) = 47 + (-6)" = 16+ 36 = 52

Here the sides, AB=BC=CD=DA=./52.

.". The given complex number form a rhombus.

12



DE-MOIVRE’S THEOREM

DeMoivre’s Thoerem: (Statement only)
(1) If ‘n’is an integer positive or negative then (cos 6 + i sin 6)" = cos n6 + i sin n6.
(i1) If ‘n’ is a fraction, then cos nf + i sin nf is one of the values of (cos 6 + i sin 0)".
Results:
1) (cosO+isinB)" = cosnO+ isinnO
2) (cosO+1isin0) " = (cosnb —isin nH)
1

cosO+1sin0O
1

cos0 —1isin0

5) sin®+icosO= cos[g—ﬁjJr isin[g— )

= (cosO+isin®) ' = cos® —isin®

= (cos® —isin®) ' = cosO+isin®

Note:

1) (cos6 +isin® ) (cosB,+isinb,)=cos (0 +6)+isin(0 +6,)

2) (cos O +isin0 ) (cos0,+isin0,) (cos O, +isin0,)=cos (0, +6,+6,)+isin(0, +0,+0,)

3) (cos0 +1isin ) (cos6,+isinbh,)..(cosO +isinb )
=cos (0, +0,+...+0)+isin (0 +0,+

WORKED EXAMPLES
PART - A
1. Ifz=cos 30°+1isin 30° what is the value of z*.
Solution:
7> =[cos 30°+isin 30°P
= cos 90° +1 sin 90°
=0+i(l)=1i
2. Ifz= cosg+ isinZ what is the value of 7%,

Solution:

8
8 T .. T
Z" =|cos—+1isin—
2 2

= 0058[2) + isin8[£j
2 2

= cos4mn+ isin4n

=1+1i(0)=1
. i 1
3. Ifz=cos 45° —1 sin 45° what is the value of — .
z
Solution:
l = Z*1
z

13



= [cos 45 — 1 sin 45°]!
= cos 45° + 1 sin 45°

1.1
=—=+i—
V22

1
4. If — =cos 60° + 1 sin 60° what is the value of z.
z

Solution:

[\]‘»—Al»—a

1
 c0s60° + isin 60°
= c0s60° —isin 60°

1 .3

=i

2 2

= (cos60° + isin 60°)

5. Find the value of M
cos0 —1sin0

Solution:

c0s30+ 1sin 30

— = (cos30+ isin30)(cos® —isinO) '
cos0 —isin6

= (cos30+ isin30)(cos O+ isin O)
= cos(36+ 0)+isin(30+ 0)
= cos40+ isin40
6. Simplify: (cos 20° + 1 sin 20°) (cos 30° + i sin 30°) (cos 40° + i sin 40°)
Solution:
(cos 20° + i sin 20°) (cos 30° + i sin 30°) (cos 40° + i sin 40°)
= cos (20° + 30° + 40°) + i sin (20° + 30° + 40°)
=08 90° + 1 sin 90°
=0+i(l)=i
7. Ifx=cos 0 +1isin 0 find X+l.
Solution: i

Given: x =cos 0 +1sin 0

= =c0s0 —1sin0

S X+ —=co0s0+1sinO+ cosO —isin0O

M= M|

= 2cos0

8. Ifx=cosa+isinaandy=cosf +1isinp find xy.

14



Solution:
xy =(cosa+1isina)(cosf+1isin )
=cos (o + B) +1isin (o + )
a
9. Ifa=cosa+isinaandb=cosf+isinf find b

Solution:

%: a(b)”

= (cos a+1isina) (cos B +isin )’
=(cos o +1isin a) (cos f—1sin B)
=cos (00— ) + 1 sin (a.— P)
. To.. T T .. T
10. Find the product of 3[cos§+ 1sm§ and 4[cosg+ 1s1ngj .

Solution:
T .. T T .. T
3[cos—+1s1n—) X 4[cos—+1sm—)
3 3 6
T m) .. (®m w™
=12 cos(—+ —]+1sm[—+ —]
3 6 3 6
= 12[cos£+ isinz}
2 2

= 12 [1+i(0)]= 12
PART - B

1. Ifx=cos 0 +1sin 0 find the value of xm+Lm.
X
Solution:

Given: x =cos 0 +1sin 0
= x™=(cos O + i sin 6)™ = cos mO + i sin mO

also, Lm: (x™)"!
X
=[cosmB+ isinm0]"’

1 ..
= —= cosmO —isinm0

X
| .. ..
S X4 —= cosmbO + isinmB+ cosmO —isinmO = 2 cos mO
X

2. Ifa=cosa+isinoandb=cosp+isinp find ab+ib.
a
Solution:

Given: a=cos o + i sin a
&b=cosP+isinf
ab = (cos o +1sin a) (cos p +1isin B)
= ab=cos (a+p)+isin (a+p)

and L: cos(o+ B)—isin(a+ PB)
ab

coab+ Lb: cos(o+ B)+ isin(o+ PB)+ cos(a+ B)—isin(o+ B)
a

=2 cos (a+p)
15



3. Prove that (sin®+icos0)" = cosn(%@] + isin[% 6] .

Solution:

We have sin0 = cos (g — 6]
& cosO= sin[E— 9]
2
LHS: (sin6+icosf)" = {cos[g— 9) + isin(g — Gﬂ

T . T
:cosn[——9j+1s1nn[—— ]
2 2
4. Ifx=cos3a+1isin3a,y=cos 3B +isin 3p find the Value\,f)?3 Xy .

Solution:

Given: x = cos 30, +1 sin 3a
& y=cos 3B +1isin 3B

xy =(cos 3a +1isin 3a) (cos 3P + i sin 3f)
=cos (3a.+ 3B) +1isin (3a + 3pB)

= xy=cos3 (a+p)+isin3 (a+p)

Py = (xy)
= [cos3(a+ PB)+isin3(o+ B)]%
= cos%.3(oc+ B)+isin %.3(a+ )

= cos(o+ B)+ isin(a+ B)

5. Ifa=cosa+isin(x,b=cosB+isinBandc=cosy+isinyﬁndthevalueofﬂ.
c
Solution:

Given: a=cos o +isin a
b=cosP+isinf
&c=cosy+isiny
ﬂz ab(c)”
c
=(cos a+isina) (cos p+1isinP) (cosy+isiny)!
=(cos o +1isina)(cos B +1isin ) (cosy—1isinYy)

j&: cos((x+ B—’y)+ isin(a+ B—Y)
C

PART - C

S (cos 20+ isin20)’ (cos30 —isin30)*
Simplify: (cos30 +isin30)’(cos40 +isin40)~

L.

16



et nnna

Solution:
(c0s20+ isin20)’ (cos30 —isin30)*
(cos30+ isin30)*(cos40+ isin40)

4x-3

% (cosO+ isin0)

(cosB+isin0)

_ (cosO+1sin0)
(cosO+1isin0)

2x3 —3x4

_ (cos0+isin0)°(cosO+ isin0)
(cosO+isinB)°(cosO+isin0) "

= (cosO+isin@)* > "

= (cosO+ isin0)’

=cos0+1isin0

—14i(0)=1

(c0s20+ isin20)’(cos 40 —isin 40)’
cos30+ isin 360

2. Simplify : when 0= g .

Solution:

(cos20+ isin20)’ (cos 40 —isin 40)’
cos30+1isin30

_ (cosO0+ isin0)™?(cosH+ isin0)

- (cosO+isin0)’

3x—4

_ (cos0+isin0)°(cosO+ isin0)
(cos0+isin@)’
= (cosO+isin0)* ">

= (cosO+isin0)”’

= c0s90 —1sin 96 when 0= g

= cos9[£) —isin9(£j
9 9

=CcosT—1sInT
=-1-i(0)=-1

.. 4
3. Prove that [M] — c0s80+isin8 -

. sin@+ icos0
Solution:

sinO+1icos® 1

.. 4
cose+1sm9j

.. .4
cosO+1sin® 1
sinO+1cos0O

LHS:[

—(i)‘{ cosO+isin0 T

isinO+ i’ cosO

_1[ cos0+1sin0O T
—co0s0+1sin0

17



cosO+1sin0

- | —(cosO —isin 6)}

cos0+1sin0®

| (cosO+isin0)

= (0059+1sm9) IT
4

[(cos 0+ isin0)’ ]

= (cos0+ isin0)*
= cos80+ 1sin80 = RHS

14+ cosO+isin® |"

4. Prove that { } = cosnO+isinnd .

1+ cosO —1isin©O
Solution:

Let z= cosO+1sin0

1 ..
= —=c0s0 —1sin0
z

LHS:[H cos9+%s%n9}
14+ cosO —isin0O

n

1+ z
1+l
z

1+ 2z
z+1
L Z
REEN
| (1+2)

n

V4

(cosB+ isin )"
= cosnO+ isinnd = RHS

1+ sinA+icosA | i .. i
5. Show that X : =cosn E_A +isinn 5 A

1+ sinA —icos A
Solution:

Let z=sinA+icosA

=7z= cos(E—Aj + isin(E—Aj
2 2

1 COS(E_ ] —isin(E—Aj — sinA —icosA
z 2 2

18



i et mm e A A eeamanaa

LHS[H smA+1cosA}

1+ sinA —icosA

B 1+z |
1+1
z
__1+z "
Tl z+1

z

3 _z(l+ Z) i
| (+2)

= (2
={cos(§—A}+isin[g— ﬂn
=cosn[g—A]+isinn[g— ]

6. Ifa=cosO+isin6,b=cos¢+isin ¢ prove that

(1) cos(0+ ¢p)= %{ab+ ib}
a

Gﬂﬁn@¢):%{%g}

Solution:

Givena=cos 0 +isin0
& b=cosdp+isind
Now, ab = (cos 0 + 1 sin 0) (cos ¢ + i sin ¢)
—ab=cos(0+¢)+isin(O+¢) ... (D
1

also, e (ab) ' = [cos(0+ ¢)+isin(0+ )]
= L: cos(0+ ¢) —isin(0+ ¢)......... 2)
ab
STORTC
ab+ Lb: cos(0+ ¢)+ isin(0+ ¢p)+ cos(0+ ¢p) —isin(6+ )
a

= ab+ Lz 2cos(0+ ¢)
ab

1 1
= cos(0+ ¢)= E{ab%— E}
m)%:um*
= (cosO+ isin®)(cos ¢+ isin )

= (cos O+ isin0)(cosd —isin ¢)
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= %: cos(0 — )+ isin(® — §).......(3)

-1

also, 2: (%j = [cos(0 — ¢)+ isin(0 — )]
2 os(0— ) —isin©—0) .....(4)
a

G-D=

%—L cos(0 — §)+ isin(0 — §) — cos(® — ¢)+ isin(0 — )
a

_b isine—9)
a

= sin(0 — )= %E—ﬂ

7. Ifa=cosx+isinx,b=cosy+isiny prove that

(1) \/7-#- T- 2¢os (X;y)

(i1) \/:\/7 2cos X y

Solution:

Given: a=cos X *+ i sin x

& b=cosy+isiny
(1) Now, ab=(cos x +1isinx) (cosy +1isiny)
=ab=cos(x+ty)+isin(x+y)

-.Jab = (ab)’? = [cos(x + y)+ isin(x + y)] 2
B X+y) .. (x+y
:@—cos[ > ]+1s1n( 5 ) ....... @

also, ﬁ= (\/E)f1 = [COs[X; Y)Jr isin[X; yﬂl

x; Y] _ism("; yj ...... )
L+ 2=

1 [x+y) . [x+y) (x+y) .. (x+yj
Jab + = cos +isin| —= |+ cos| —= | —isin| —=
vJab 2 2 2 2

1 X+y
=+ab+ —= 2005[ ]
Jab 2

(i1) %: a(b)"' = (cosx+isinx)(cosy+isiny)™
= (cosx + isinx)(cosy —isiny)

= %: cos(X —y)+isin(x —y)
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a

5 (Bj% =[cos(x —y)+ isin(xfy)]%
= \/%zcos[xgy}—isin[xgyj ........ 3)
also, \/g: (\/%jl = [cos[xgy)+ isin[xgyﬂl

b X
= — = Cos
a

2y)—isin(xzyj ...... (4)
LB+ B =

\/EJF \/E: cos[x_yj+isin(x_yj+ cos(x_yj —isin(x_y]
b a 2 2 2 2
:>\/E+ \/E: ZCOS(X_y]

b a 2

8. Ifa:cosa+isina,b:cosB+isinBandc:cosy+isinyﬁndthevalueof@— ¢

c ab
Solution:

Given:
a=cosatisina
b=cosP+isinf

& c=cosy+isiny

Now,
ab_ ab(c)'
c

= (cos o+ 1 sin a) (cos B+ i sin B) (cos y +isin y)!

=(cos a+1isina) (cos f+1isinP) (cosy—1isiny)

@: cos(a+ B—y)+isin(o+ B—7y) ...... )]
c

c [ab }1
also, —=| —
ab c

= [cos(ow+ B—)+isin(a+ B—7)] "

- ibz cos(ot B—y) —isin(at P—y) oo )
a
A -(2)>
ﬂ—ibz cos(o+ B —7)+isin(o+ B—y)—cos(o+ B —7y)+isin(o+ B—vy)
C a
3 isin(a+ By)
¢ ab

. N | ..
9. If x+l= 2cos0O prove that (i) X +X—n:2005n9 (i) x"——=2isinn6
X
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Solution:

. 1
Given: x+—=2cos0
X

x>+ 1

= 2cos0
X

x>+ 1= 2xcos0
x? —2xcos0+1=0
Herea=1,b=-2cos6 &c=1

_ —bx b’ —4ac

- 2a

_ 2cosO+ \/(720056)2 —4x1x1

- 2x1

_ 2cosO++4cos’0—4
2

_ 2c0s0% \/4(cos”0—1)
2

_ 2cos0+ \/4(—sin’ 0)

- 2

_ 2co0s0£1i2sin0

- 2

_ 2[cosO+isin0]

2

S X

=x=cos0+x1sin0
Consider x =cos 0 +1isin 0

<. x"=(cos O +1sin 0)" = cos nO + i sin nO

& an cosnb —isinn0

X
AT | .. .
(i) x" + —=cosnO+ isinnO+ cosnd —isinnoO

X

1
=x"+ —= 2cosnf
X

. 1 .. .
(ii) X" ———= cosnO+ isinnO — cosnO + isinnd

1 L.
=x" ——=2isinn0
X

n+2

10. Show that (1+1)" + (1—i)"=2 2 cos%“.
Solution:

Letl +i=r(cosO+isinB)=rcosO+isinb
Equating real & imaginary parts on both sides
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rcos =1 & rsinf=1
Now, (rcos 0)? + (r sin 0)> = (1)> + (1)
= r2cos’0+r’sin?0=1+1
= 1’ (cos’0 +sin?0) =2
= (1) =2

=>1rr=2 = r=\/§

Also. rsin0 :1
rcosf 1
=tan0=1
= 0= tan'(1)
= 0= T
4

sLl+i= \/E[cos%+ isin%} ......... 1))

Similarly we can prove that

LHS: (1 +iy+ (1 -1

= |:\/§(COS§+ isin%ﬂ + [ﬁ[cosgisin%ﬂ
= (\/E)n {cos§+ isin%} + (ﬁ)“ {cosgising}
= (ﬁ)ﬂ {cos%& isin%+ cos%—isin%}
= 25200511—“

E+1 nri

=22 cos—
4

n+2

=22 cos%z RHS

ROOTS OF COMPLEX NUMBERS

Definition:

1
A number o is called the n™ root of a complex number z, if ®" = z and we write ® = z" .

Working rule to find the n™ roots of a complex numbers:
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CULLPIVA 1Y ULLIUGLD

Step (I) : Write the given complex number in Polar form.
Step (II) : Add “2kn” to the argument.
Step (III) : Apply Demoivre’s theorem
Step (IV) : Putk=0, 1, ....... upto (n—1).
Hlustration:
Let z=r (cos 0 + i sin 0)

= z=r[cos (2kn + 0) + i sin (2kn + 0)] where k € |
I 1
RV AES {r[cos(2k1t+ 0)+ isin(2kmw+ 6)]};
1 1

= r"[cos(2kn+ 0)+ isin(2kn + 0)]"

_rﬁ [2kn+9)+iin[2kn+6)
N R ° 0 )| whereK=0,1,2, ...n—1.

1
Only these values of k will give ‘n’ different values of z» provided z # 0.

To find the n™ roots of unity

1 =cos 0 +1sin 0= cos 2km + 1 sin 2kxn

: . v . v
.. n® roots of unity = 1" = (cos 2kn+ isin 2km)"™

B 2km) . . (2kn

= cos n t1sin n ) wherek=0,1,2, ............... ,n—1
The roots are,
fork=0; R, =cosO+isin0=1+i0=1=¢"

2n .. 2n &
k=1, R,=cos—+isin—=¢e " = o (say)
n n

2
4 . . 4m iﬂ |:IZT:| 2
k=2; R,=cos—+isin—=¢ " =|e =
n n

_ _ 20-1x
s2(n 1)ﬁ+ isin 2m=Dr e " ="'

k=n-1; R, =co
n n

.". The n™ roots of unity are

2 .4 2(n-Dn
TUSCI T
ee ", e ... ,€
ie, 1, @ 0% ... , ™!

Result:

If ® is n" roots of unity then

(i) o"=1
(i) Sum of the roots is zero.
ielto+to+... +o"'=0
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(iii) The roots are in G.P with common ratio ®.

2
(iv) The arguments are in A.P with common difference =
n
(v) The product of the roots is (—1)"".
To find cube roots of unity
Let x = (1)
= (cos0+ isin O)%
— (cos 2km+ isin 2km)”?
3 2km) . . (2km
= cos 3 t1sin 3 ) wherek=0,1,2

.". The roots are
fork=0; R =cosO+isin0=1+i0=1

k=1 R,= cos2—n+ isinz—n: ,l+ iﬁ
3 3 2 2
k=2; R,= cos4—n+ isin4—n= —l—iﬁ
3 3 2 2
1
The cube roots of unity are 1, — —+ iﬁ,———iﬁ.
2 2 2 2

Result:
2n . . 27
If we denote the second root R, = cos ?4‘ 1sm? by o then the other root ,

4 . . 4w
R, = cos—+ isin— becomes o’

Thus,R, = cosz—n+ isinz—nz —l+ iﬁz ®
3 3 2 2
4 . . 4 1 .V3

R, = cOS——+ isin— = —— — i = @’
3 3 2 2

.". The cube roots of unit are 1, », ®°
Note:

If @ is cube roots of unity then (i) ®* =1, (ii) | + © + ®*=0
Fourth roots of unity
Let x = (1)
— (cos0+ isin 0)*
— (cos 2kn+ isin 2km)*

= cos[%} + isin(ZITTnj wherek=0,1,2,3

.. The roots are,
fork=0; R =cosO+isin0=1+i0=1
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k=1, R,= cosg+ isingz 0+i()=1= ® (say)

k=2; R,=cosn+isinn=-1+i(0)= -1= o’

k=3; R,= cos3—n+ isin3—n= 0+i(-)=-i=o
2 2
The fourth roots of unity are 1,1, —1,—1 (i.e.) 1, o, ®?, .

Note:

(i) The sum of the fourth roots of unity is zero. i.e 1 + ® + ®* + ©* =0 and ©* = 1.
(i1) The value of ® used in cube roots of untiy and in fourth roots of unity are different.

Sixth roots of unity
Let x = (1)/6
= (cos0+ isin O)%
— (cos 2kn+ isin 2kr)’s

B 2kn) .. (2kn
= CO0s e +1s1n 6 ) wherek=0,1,2,3,4,5

.".The six roots are
fork=0; R =cosO+isin0=e"=1
2n

2n . . i
k=1 R2=cos—n+1sm—n=e b =w
6 6

4n
faiia

4 . .
k=2 R,=cos—+isin—=¢e ¢ =0’
6 6

6m . . 6m i% ;
k=3; R,=cos—+isin—=¢ ® =0
6 6
.81
1

k=4; R;= cosg—n+ isinm=e ¢ = o
6 6

10 . 1 e
k=5; Rézcos%+1sm%=e =@’

2n 4n o en s 0
.". The sixth roots of unity are ¢'°,e ¢ ,e ¢,e ¢,e ¢,e ©

ie, 1, o, 0% @°, o*, ©’.
Note:

The sum of the sixth roots of unity is zero.i.e | +® +®* + ®* + o*+ ®’=0and ®®* =1
Note: 1 =cos 0 +1isin0

—1=cosm+isinm
) T .. T
1= cos—+ isin—
2 2
. 3 .. 3¢;
—1= cos—+ isin—
2 2
WORKED EXAMPLES

PART - A

1. If o is a cube roots of unity, find the value of ®* + ®° + ®°.
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Solution:
If ® is cube roots of unity then ®* = 1.

Tottolte® =0’.otol. ot o’
=)o+ @)+ 1))
=o+on+1
=lto+tw=0

2. Simplify: (1 + ®) (1 + ©?) where o is cube roots of unity.

Solution:

(1+o)(+e?) =l+0+o+o
=[l+to+o’]+e
=0+1
=1

3. Solve:x2—1=0
Solution:
Given: x>~ 1=0
x* =1
x = (1)’2 = [cos 0+ isin 0] 2
— [cos 2k + isin 2kx] 2

= cos [21(7“] + isin(%} where k= 0,1

4. Find the value of (i)" .

Solution:
Let x = (i)%
{ T .. n}%
=| cos—+isin—
2 2
A
- {COS(ZK’E-&— g] + isin(2kn+ gﬂ

T

1 ) .. 1
= cos§(2kn+ E] + 1sm§(2kn+ 2) where k=0, 1, 2,

5. Find the value of (—1)% .
Solution:
Let x = (—1)%
= (cosm+ isin TC)%
— [cos(2kn+ m)+ isin(2kn + m)]*

1 1
= cos§(2kn+ )+ iSing(ZkTC+ n) wherek=0, 1,2
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3 3
6. Find the value of (1_'-71\/5} )

Solution:

We have ~FIV3 =1 VB 00k i sin 1200
) :IVZ 2
L—JJELQiJ = (c0s120° + isin120°)’

= c0s360° +isin360°
=1+1(0)
=1

PART - B
1. Find the cube roots of unity.

Solution:

Let x’ be the cube roots of unity.

iLe.x*=1
x= (1)
= (cos0+ isin 0)%
= (cos2km+ isin 2kn)%

= cos%+ isin% where k=0,1,2

Fork=0; x=cos0+isin0=1+i0=1

k=1, x= cosz—n+ isinz—TE

3 3
k=2; x= cos4—n+ isin4—n
3 3

2. Find all the values of (i)% )

Solution:
N
Let x=(1)"3
( no n) e
=1|| cos—+isin—
L 2 2
B 2 %
T .. T
= [cos—+1s1n—j
2 2 }
- b
= 0052[£j+isin2[£)
L 2 2

. . 1
[cosm+ 1sin n]A
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— [cos(2kn+ )+ isin(2kn + )¢

2kn+m) . . (2kmn+m
= cosS 3 +181n 3 where k=0, 1, 2

T .. T
when k=0; x=cos §+1s1n§

k=1 x= cos3—n+ isin3—TE
3 3

k=2; x= coss—n+ isinS—Tr
3 3

3. Solve:x*+16=0
Solution:
Given: x>+ 16 =0
x’=-16=16x-1
x= (16)2(~1)’?
=4[cosn+isinn]%

= 4[ cos(2kn+ 1)+ isin(2kn+ 1) ] %
4 (2kn+nj .. (2kn+n)
= 4| cos| ——— J+isin| ——— || (4 ok=0.1

when k=0; x=4 cos£+isinE
2 2

k=1 x=4 coss—n+ isins—Tc
2 2

4. Tf o is the cube roots of unity then prove that (1 — ® + ®?)° + (1 + ©® — ®?)° = 32.
Solution:
If  is the cube roots of unity then ®*=1and 1 + ® + ®*=0.
LHS:(1-o0+ o’ +(1+o-w?)’
=(l+e*-0)y+(1+o0-o0?
=(-o-0)]+(-o’-?)
= (- 20)° + (207
— (-2 0 + (- 2) (0
=-320"-320
=-32 (0’ + o)
=-32(-1)=32=RHS
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PART - C
1. Solve:x’+1=0

Solution:
Given: x’+1=0
x’=-1
x= (1))
= (cosm+ isin n)%

= [cos(2kn+ )+ isin(2kn + n)]%

2kn+m) . . (2kn+n
= cos 7 +1sin 7 wherek=0,1,2,3,4,5,6,

.". The values are

T .. W
when k=0; x =cos —+ isin—
3n .. 3n

k=1, x=cos—+1isin—

S .. 5m

k=2; x:0057+1s1n—

k=3; x= cos77n+ isin7—n

k=4, x= cos97n+ isin9—Tc

k=5 x= cos%+ isin&

1 1
k=6, x= cos%ﬁL isinﬁ

2. Solve:x*—1=0
Solution:
Given: x*—1=0
x’=1
x= (1)
= (cos0+ isin O)%
= (cos2km+ isin 2kn)%

- cosTn+ isin% where k=0, 1,2,3, 4,5
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.". The values are,
when k=0; x=cos 0+1isin0
k=1, x= cos2—n+ isinz—n
6 6

k=2; x= cos%+ isin4—n

k=3, x= COS%-‘F isin6—Tc

8t .. 8n
k=4; x=cos—+isin—

k=5, x= cosl.%jL isinlO—Tc

3. Solve:x®+x>+x*+1=0
Solution:

Given: x8+x°+x*+1=0
KE+HD+H1E+1)=0
x+HE+1)=0
xX+1=0 ;x*+1=0

Case (i)
x*+1=0
x=(-1)5

1
= (cosT+ isin n)é

— [cos(2kn+ )+ isin(2kn + )] *

2kn+m) .. (2kn+mw
= CoS s +1sin — where k=0, 1,2, 3,4

The roots are,

T .. T
when k=0; X =cos —+ isin—
3n .. 3¢

k=1, x=cos?+1sm—

k=2; x= coss?n+ isinS—TE

m .. 7
k=3; X:cos?n+1sm—7E

k=4; x= cos9?n+ isin9—TE
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Case (i1) :
x*+1=0

x= (1)
= (cosT+ isin n)%

_ [cos(2kn+ )+ isin(2kn + )] *

2kn+m) .. (2kn+mw
= COoS 3 + isin 3 where k=0, 1, 2

T .. T
when k=0; x = cos §+1sm§

k=1, x= cos3—n+ isin—TE
3 3

k=2; x= coss—n+ isins—n
3 3

A

4. Find all the values of Ll+ 1—J and also prove that the product of the four values is 1.

Solution:
Let a+ib= %-f-ig: r(cosO+1isin0) ........ )
Here a = 1 & bzﬁ
2 2
Modulus:
> (Y]
=+a’+b’ = [l) + ﬁ = l+§:\ﬁ=1
2 L 2J 4 4

Arugument:

6=tan1[—) tan ' Z =tan~ (\/_)_

a

".(1) becomes,

1 .3 [ T n)
—+1—=1| cos—+ 1sin—
2 2 3 3

(1 ( n)%
:>L2+1—J cos—+151n3
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= {[cosgnt isingjaf
= {0053[2] + isin3(§j }%

=[cosm+ isin n]%
— [cos(2kn+ )+ isin(2kn + )] *

2kn+m) . . (2ka+mw
= COs 1 +1s1n 4 where k=0,1, 2,3

.". The values are,

when k=0; R, = cos—+ isin—

4 4
k=LR,= cos3—n+ isin3—n
4 4

k=2;R;= coss—n+ isin5—7t
4 4

k=3;R,= cos7—n+ isin7—TE
4 4

Product of the four values

R, xR, xR, xR

( T .. nj[ 3n .. 371)[ S5t .. 5th[ T . . 775]
=| cos—+isin— || cos—+isin— || cos—+isin— || cos—+ isin—
4 4 4 4 4 4 4 4

[Tt 3t 5w 7n] ..(n 3t 5w 771:]

=cos| —+—+—+—|+1isin| -+ —+ —+ —

4 4 4 4 4 4 4 4
167

16m . .
= coS——+ isin—
4 4

= cos4n+isin4n
=1+1i(0)=1
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AN

10.

I1.
12.

13.

14.

EXERCISE
PART - A

Ifz =—1+2iand z, =-3 +4ifind 3z, - 4z,.
Ifz, =(2,3)and z= (5, 7) find 4z, + 3z,
Ifz =(-3,5)andz,=(1,-2)find z, z,.
Ifz=1+iandz,=1-ifindz/z,
Ifz=2+iandz,=1+ifindz,/z,.
Express the following complex numbers in a + ib form.

. 1 oy 2 . .
(1) VY (i1) 31 (i) (4+ 51)(5+ 71)
Find the real and imaginary parts of the following complex numbers

L1 1 oy 1 L 1+
(1) 71 (i1) EYEY (ii1) 3 (iv) 1

Find the complex conjugate of the following:
1 2-3)7+1L) (1) i (iii) b (iv) i
1-1 1+1 1-5

Find the modulus and argument (or) amplitude of the following:

(i) V3+1i (i) —1+i (i) /3 —i (iv1-+v=3 (v %+i£

2
(vi) L 3 (vii) 1-1V3
2 2
Find the distance between the following two complex numbers
()2 +3iand 3 —2i (i)4+3iand5-61  (iii))2—-3iand5+7i (iv) 1 +iand 3 -2i

State DeMoivre’s theorem.

Simplify the following:

(i) (cos 6 + i sin 0) (cos 0 + i sin 0)*
(ii) (cos ¢ + 1 sin §)° (cos ¢ + i sin ¢)°
(iii) (cos 6 — i sin 0)* (cos 0 + i sin 0)’

Find the value of the following:

@ cos 50+ 1sin 50 (ii) c0s30+1sin30
c0s30 —1sin30 c0s20 —1sin20
.... cos100+1sin100 . .cos40+ 1sin40
(iii) — (iv) —
cos70+1sin70 cosO+1sin O
(cos@+isin0)® (vi) cos 60+ isin 60

(cos@+isin0)* v (cos® —isin0)*

Simplify: [cos£+ isinﬁ] [0053—n+ isin3—n] (coss—n+ isins—n]
8 8 8 8 8 8
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15. Simplif (cos£+isinﬁj[cos£+isinﬁj(cos£+isin£]
- SIS 3 2 2 6 6
) 2 .. 2¢; 2n .. 2¢;
16. Find the product of 5 cosT+1s1n? and 2 cos?+1sm? .
17. Find the product of [cos£+ isinEJ and [cos£+ isin£) .
6 6 3 3
T .. T
11@ﬂf4—5(mm—+wmf)mmz-3c%§E+mm§Efmdzz.
6 6 2 6 6 1772

18. If x =cos 0 +1sin 0 find X*l.

X

19. Ifa=cos 6 +1isin 0, b =cosd + i sin¢ find ab.
20. Ifa=cosa+isina, b=cos B +1isinf find E
a

21. Ifa=cosx+isinx,b=cosy+isiny find \/ab .

22. If @ is the cube root of unity find the value of 1 + ©* + @*.

23. If o is the fourth root of unity find the value 0* + ®° + ©° + ®’.
24. If o is the six root of unity find the value of ®* + ©* + ®°.

25. Solve: x2+1=0
26. Find the value of () ()2 G (iii) (1)2

(C1-if3Y

27. Find the value of k 5
PART - B
1. Express the following complex numbers in a + ib form.
1 . 2+ 31 I+1i . 4+ 31

|
(1) E+: (i1) 2 (1ii) Qi (iv) T

2. Find the real and imaginary parts of the following complex numbers

1+ 2i L (20 L 2+
—_— 1n)———— 111
1-i (i) 1+ ( )1+4i

(i)
3. Find the conjugate the following complex numbers
13 1

B E! e 1
11)— m)—/+ —
11+12i ()l—i ( )2—i 241

(@)
4. Find the modulus and amplitude of the following complex numbers

@)%ii ﬁﬂ%?+i%§ (i) 2+ 2431 (iv)—~/2+/2i
—1
5. Show that the following complex numbers are collinear.

(i) 1+3i, 5+i, 3+2i

(i) 4+2i, 7+5i, 9+7i

(i) 1+3i, 2+7i, —2-9i
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10.
11.

12.

Show that the following complex numbers form a parallelogram.
(1) 2-21,8+4i,5+7i,—1+i

()3 +1,2+2i,-2+1,—1

(i) 1 -2i, -1 +4i, 5+ 8i, 7+ 2i

If x = cos 6 + 1 sin 0 find the value of

. 1 .. 1 1 . 1 1 . 1
() x" + o (ii)x™ Ty (iii) x> + = (iv)x’ + = (v)x* - (vi) x* -5

1
Ifa=cosx +isinx, b=cosy+isiny find ab_E'

If x =cos 2a +1sin 2a, y = cos 2 + 1 sin 23 find /Xy .
Ifx=cosa+isina,y=cosf+isinf find x™ y".

Find the cube roots of 8.

Find the all the values of (—l)% .

PART - C
Find the real and imaginary parts of the following complex numbers
. . \3 o 3 .
A S ) ) S Cc) M [:] (iv) ——+ ——
1+ 31 (1+1)(2-1) I+1 4+31 3-4
(Vi) b — (vii) g 2
3+41 5-2i 3+21 5-4i
1+ 343 1
(ix) ; (X) ——
V3+2i 1+ cosB+1sin®
Express the following complex numbers in a + ib form.
. _ . . . . . 2
) (1+1) . 2i) (ii) (1+1) (14‘- 2i) (iif) (1+1) (3-|-2 i)
(1+ 3i) (1+ 41) (2-1)
. 3 i 2+ 3i . 7-51
(iv) T (V) — (vi) =
4+31 3-4i -1 (2+ 31)
Find the conjugate of the following complex numbers
L (1+1)(2-1 L (+1) (241 ooy 11 . 3+ 5-i
() DCD ) DD gy Ly 2 ) 2L
(2+1) (3+1) 3+ 2i 2+ 51 2-3i
Find the modulus and argument of the following complex numbers
1443 Lo2-i 1+
i il il
@ 1+1 ()3+7i (i) 1-i
.+ 1)1+ 21) i-3 NES!
V) ————= — 1) —
T Wi O
Prove that the following complex numbers form a square.
(1)9+1,4+131,-8+8i,—-3—-4i (i) 2 +1i,4 + 31,2 + 51, 31
(i) —1,31,3+2i,2 -1 (iv)4+5i, 1 +2i,4—-1,7+2i
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10.

11.

12.
13.

14.

15.

16.

Show that the following complex numbers form a rectangle.

(i) 1 +2i,—2+5i,7i,3+4i (i) 4 +3i, 12+91, 15+ 51,71
(iii) 1 +1, 3 + 51, 4 + 4i, 2i (iv)8+4i,5+7i,—1+1,2-2i
Show that the following complex number form a thombus.

(1) 8+ 51, 16 + 111, 10 + 31, 2 — 3i (i) 6 +4i,4 +5i,6 + 31, 8 +1i

(i) 1+1i,2+1,2+2i, 1 +2i
Simplify the following using De Moivre’s theorem
(c0s20 —isin20)*(cos40+ isin40)
(cos30+ isin30)*(cos 50 —isin50) "
(c0s20 —isin20)*(cos 30+ isin30)*
(cos30+ isin30)*(cos 50 —isin 50)
(iii) (cos20 — .is.in 29): (cos30+ 1 s%n 39):2
(cos40+ isin40)" (cos 50 —isin 50)
(cos30+ isin30)*(cos40 —isin 40)°
(cos@+isin0)’

(i)

(i)

(iv)

when 0= r
9

. . 3 . . 5
cosx —isinx)’(cos3x+ isin3x
( )« ) when x =

S 5|'§)

(v) — 5 — -

(cos2x —isin2x)’(cos 5x + 1sin 5x)

(vi) (cos 50 —isin50) (cos20 —isin20)° when 6 = 2
(cos@+isin0)’(cos30+isin30)

r .. 4
Show that M} 1

| sin® —icos6

r .. 3
Show that M = c0s30+ isin30
| 1+ cosO —isin 0
[ LT |
1+ sin—+i1cos—
Prove that 8 81 _1.

.m. T
1+ sin——icos—
8 8

ab ¢
Ifa=cosa+isina,b=cosB+isin[3andc=cosy+isinyﬁndthevalueof?JrE.

If x =cos 30 +1sin 3a, y = cos 3B + i sin 3 prove that
: 1 . 1 .
(1) J/xy+——=—==2cos(a+ B) (i) /Xy ——=—== 2isin(a+ B)
3[Xy 3[Xy

Ifx=cosa+isina,y=cosP+isinf,z=-cosy+isinyandifx+y+z=0show that
(i) cos 3o+ cos 3B +cos3y=3cos(a+P+y)
(i1) sin 3o+ sin 3B + sin 3y =3 sin (a + B + )

If x=cosa+isina,y=cosP+isinfandz=cosy-+isinyandifx+y+z=0prove that
1 1 1

—+—+—=0

X y z
1 1 " oyt

If x+—=2co0s0O and y+ —= 2cos¢d show that y_m+ o 2cos(mb —no)
X y
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m_n

1
17. If x =cos a. + i sin a, y = cos B + i sin B prove that x"y" + = 2cos(mo+ nf).
X
3 n . n n+ nm
18. If ‘n’ is a positive integer, prove that (1+ iW3)"+ (1-iV3) =2 1cos?,

19. If ‘n’ is a positive integer prove that (v/3+1)" — (+/3 —i)" = 2™ cosn?TE .

20. Prove that (1 + cos 0 + i sin 0)" + (1 + cos 6 — i sin 6)" = 2™ cos" [%} cos(?} .
21. Solve: x*+1=0

22. Solve: x°+1=0

23. Solve: x*+1=0

24. Solve: x*—1=0

25. Solve: x°—1=0

26. Solve: x’—1=0

27. Solve: x> +x*+x*+1=0

28. Solve: X8 —x°+x3-1=0

29. Solve: X’ +x*+x*+1=0

30. Solve: x’ —x*+x*—-1=0

ANSWERS
PART - A
(1) 9-10i (2)(23,33) (3)7-i @i (5 sl (6) (1)173—i (ii)§+i (iii) —15+ 53i
’ 5 25 25 5°5
(7) (i) Re(z)= % Im(z) = % (i) Re(z) = % Im(z) = ;—3
3 -1 . _ _
(iii) Re(z) = 10,Irn(z)— T0 (iv) Re(Z2)= 0, Im(z)=1
= .= D = 5+
®) ()Z=47-i (i) Z=2(1-1) (i) Z=1i (iv) Z= T
)
(i)r:2;6=% (i) r=2; ezf% (iii)r=2;9=—%

(iv)r=2;9=—§ (V)r=1;9=§ (vi) r=1;6=§ (vii) r=2;6=—§

10) ()~26 (i) V82 (i) v109  (iv) V13
12) (i)cosO—isin® (ii) cos 11¢p +isin 11¢ (iii) cos 30 +1isin 30
13) (i) cos 80 + 1 sin 80 (ii) cos 560 + 1 sin 50 (iii) cos 36 + 1 sin 30
(iv) cos 30 +1sin 360 (v) cos 40 +1sin 40 (vi) cos 100 + 1 sin 100
14) -1 15) -1 16) 5(—1—i\/§) 171 17(a)—-15 18) 2isin O
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19) cos (0 + ¢) +isin (0 + ¢) 20)cos (B—a) +isin(f—a)

X+y) .. [X+Yy
21)cos > +151nT 22)0 23)0 24)-0-0 -’

25) x= cos[2kn+ TC)+ isin[anJr T

) where k=0, 1
5

26) (i) cos =+ isin—, coss—n+isin—
4 4 4 4

.. .. 2n .. 2¢; 4T . . 4=m
(i1) cos 0+ isin0, cos—+ isin—, cos—+ isin—
3 3 3 3

T .. T 3n .. 3n
(iii) cos—+isin—, cos—+ isin—
2 2 2
271
PART - B
@)1 (ii) 111L71 01 (iii) —12+1 (iv) 1+271
2) (1) Re(Z)——l I (Z)—E
27 " 2
. 1 -9
Re(Z)=—, 1 (Z)=—
(i1) Re(Z) 2 m(Z) 5
6 7
iii) Re(Z)=—, 1 (Z)=-——
(iii) Re(Z) T n(Z) 7

- 13 . T a4
3) () Z= 3 (11+12i) ()Z=-1 (i) Z= 5

4) ()r=10=w (ii)rz%, 0=45°

T —-n
iii)r=4; 0=— (iv)r=2, 0=—
(i) r 3 iv)r=2

7) (1) 2 cosnb® (i) 2isinmb  (iii) 2 cos360 (iv) 2 cos56 (v)2isin26  (vi) 2i sin 80
8) 2i sin (x —y) 9)cos (x+y)+isin(x—y) 10) cos (ma + nf) + i sin (ma + nP)

.. 2n .. 2 4n . . 4
11) 2[cos0+ isin0], 2[cos?n+ 1s1n?n}, 2[cos?n+ 1s1n?n}

2n . . 2¢m 4 . . 4nm 6n . . 6m
12) cos—+1sin—, coS——+1sin—, COS—+ 1Sin——
3 3 3 3 3 3
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CULLPIVA 1Y ULLIUGLD

PART - C

1) (i) Re(z)= %, Im(z)= % (i1) Re(z)= _77, Im(z)= %
(iii)Re(z)= 0, Im(z)=1 (iv) Re(z)= %, Im(z)= —2—65
(V)Re(z)=1, Im(z)= % (vi)Re(z)= ? Im(z)= —%
(vii) Re(z) = %, Im(z)= % (viii) Re(z) = % Im(z)= %
(ix) Re(z)= \/5, Im(z)=1 (x) Re(z)= %, Im(z)= —%tan%

(ii) % (iii) %i
(iii) 23 24i ) 172+671 (vi) -1
Bos s 71,5

3)()Z—2—5+2—5 (11)Z—5 s (iii) Z 13+13

(iv )Z—;—;—%l (v) Z=1-i
4) ()22, 0=tan'(1-+3) ()IZI—@ 0= tan'(17)

(iii) | ZE= V2, 0=tan 7\[ J (i )|Z|—\/: 0=tan"' = (9)

(V)|Z|=\/§,6=tanl[lj ~vi)|ZE1,0=-"

2 2

8) (i) cos 196 —i sin 190 (i1) cos 1560 —i sin 1560 (ii1) cos 1076 — i sin 10760

(iv) -1 w1 (vi)l

12) 2 cos(a+B—7y)

T

T .. T 3 .. 3¢ Sn .. 5m T . .
21) cos—+isin—, cos—+ isin—, cos—+isin—, cos—+ isin—
4 4 4 4 4

T .. T 3n .. 3m Sm .. 5m Tn .. I=n On .. 9n
22) cosg+1s1n§, cos?+1s1n?, cos?+1s1n—, COoS—+ 1SIn—, COS—+ 1SIn—

T .. T 3n .. 3n St .. 5m n .. I«
23) cos€+1smg, cosz+1s1n—, COs—+1siIn—, COS—+1siIn—,

on on 11 . 1w
cos?+ isin—, cos—+ 1sm?

21 21 4n 4n 67 67
24) cos0+ isin0, cos7+1sm— cos—, 1sin—, cos—+ 1sin—

4

2n 2n 4 47 6m 6m 8n 8n
25) cos0+isin0, cos?+1sm? cos—, isin—, cos—+ isin—, cos—+ isin—

.. 2n . . 2:; 4 . . 4n 6n .. 6m 8t .. 8n 97 .. 9n
26) cos0+ isin0, c057+ 1sm7, COST’ 1s1n7, cosT+ isin—, cos—+ isin—, coS—+ isin—

40



27) Case (i) oS+ isin— cos3n+isin3n cosgn+isin T
1 > 5 D 5 I —
e 30N 3 7 7

. T, . T 3n .. 3m
Case (il) cos—+ isin—, cos—+ isin—
2 2 2 2

. . 2n . . 21 dn . . 4¢n
28) Case (i) cos0+1isin0, cos?+1sm?, cos?+1sm?

.. T .. T 3t .. 3nm S0 .. Sm
Case (i1) cos—+ isin—, cos—+ isin—, cos—+ isin—,
5 5 5 5 5 5

m .. In On .. Omn
cosS—+ isin—, cos—+ isin—
5 5 5 5
29) cos(ZkT nj+isin[2kn+nj, k=0,1,2,3.
cos(szH_T[]Jrisin(zkn-HE , k=0,1,2
3 3
30) cos[an+nj+isin[2kn+nj, k=0,1,2,3
4 4
cos[zkn;r n)+isin[2kn;r nj’ k=0,1,2
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Engineering Mathematics — Il

MATRICES

Minor — Minor is the determinate value which is obtained by deleting row & coloumn of the

L
II.

1.

particular element and denoted by the symbol ........ , 1I-rows j-coloum.
2 1 30
0
Ex : %1 2 3
B 6 IH
b3 =1-18 =-17
M, =l 1|” -
23 16-12 =4
Mo=l4 g~ )

Upper triangular Matrix — A matrix is said to be upper triangular if the elements below
the main diagoned are zeros.

a 5 90

Ex. %) 3 75
B 0 8
Elementary transformations : — The following operations three of which refer to rows are
known as elementary transformations.
The interchange of any two rows (Rij)
The multiplication of any row by a non-zero scalar (kRi)

The addition of a constant multiple of the elements of any row to the corresponding elements
of any other row (Ri + kRj)

Equivalent matrix — Two matrices A and B are said to be equivalent if one can be obtained

from the other by a sequence of elementary transformations.

Rank of a matrix : A matrix is said to be of rank ‘r’ if

(i) It has atleast one non-zero minor of order ‘r’
(i) Every minor of order higher than ‘r’ varishes.
The rank of a matrix A shall be denoted by the symbol e(A).
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Working Rule :
Step — I : Conver the matrix to the upper triangular form.
Step — II : The no.of non-zero rows is the rank of the matrix

Example -1 :

03 -1 20
. e 2 4
Find the rank of the matrix 0O O
B3 1 28
Solution :
03 -1 20
g O
A= O 6 2 4|]
B3 1 28
03 -1 20
O O
~ 0 0 %o R 4R,
B3 1 2f
3 -1 20
O
- %) 0 8q
@) 0 45* R3+R;
3 -1 20
o0 s
E OEH 2R;-R,
p(A) =2

Consistency : A system of equatiars are said to be consistent if either they will have unique
solution on many solution and sid to be inconsistent if they will have no solution.

2x + 3y =38 x+2y=35 x—-y=10
x-2y=4 2x+4y=10 3x-3y=15
(unique solution) (many soluion) (No solution)

Consistency of a system of linear equations : -

Consider a system of m linear equations

a, X, ta,x, +.... +a, x, =b, E
Ay X, ta,x, ... +a, x, =b, H
................................................... 0

o (1)
.................................................... 0
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Containing the n unknows x, x,.....x..
Writing the above equations in matrix form we get.

b,
(a1 Gayeeseenillay [ N
A=, U,B=| "
g U :

|Z| ......................... D

L&, a, ... a, ... b O

O

C= [for Gy eeeee Ay, e b,
L e O

O O

A is the co-efficient matrix and
C is called agumented matrix
Rouche’s Theorem : (Without proof)

The system of equations (1) is consistant if and only if the co-efficient matrix A and the
augmented matrix C are of some rank otherwise the system is inconsistent.

Procedure to test the consistency of a system of equations in x unknows.

Find the ranks of the co-efficient matrix A and the augmented matrix ‘C’ by reducing to
the upper triangular form by elementary row operations.

(a) Consistant equations : If Rank A = Rank C
(i) Unique solution Rank A =Rank C=n
Where n = number of unknowns.

(i1) Infinite solution : Rank A=Rank C=r.r <n.

(b) Inconstant equations if Rank A # Rank C
Example - 2 :

Show that the equations

2x + 6y =—11, 6x + 20y — 6z =— 3, 6y — 18z = — 1 are not consistant.
Solution :

Writing the above equations in matrix form

2 6 00 kO G110
0000,0
%520 0 o030, AX =B
9 6 185 A 616
A X B
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2 6 00O +110
_ O _0,0
A= 20 ~6p B=030c=(a:B]
B 6 -18& B-1H
2 6 0 -110 @ 6 0 -110
_ A0 O
C=gp 20 6 : B3g~ 3 2 300 - R,-3R,
m 6 -18: -1§ @ 6 -18 : -1H
@2 6 0 : -110
- H 2 -6 : 307
M 0 0 : -9 >R, -3R,
The rank of C is 3
and rank of A is 2
Rank A # Rank C.

.. The system of equations are not consistant

Example - 3 :

Test consistency and solve :

Sx+3y+7z=4
3x+2by +2z=9
Tx+2y+10z=5

Solution :

Writing the above equations in matrix form

70 kO 30

% o 2D DD %D’
g 2 10E 10@ Bzﬁ 55
A X B
5 3 7 : 40
C=E,s ) 9B~
F 2 10 : 5§

% 3 7 40

T < =0

5 5 5 5o

%) 121 -1 330

~ B 5 5 5%

p -~ 1 30

H 5 5 58

AX=B,C=

OOG0 Q0 U

~ R,

&}
N R W
S N w»

-3R,

7R,

[A : B]
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o | W
—
|
—_
—_
(98]
[9S)
U

0 1
U R, +HRZ

1 [0 51 O 010
—
o m|
o m‘
9]
O

Here Rank of A = Rank of C.

Hence the equations are consistent.

But the rank is less than 3 i.e. the number of unknows.
So its solutions are infinite

ST IEN)

Lo
GPLLOIE]
IIDEI“D[:I

(I

|%jm|h

mOoOOoOoOodd

01 [0 351 O G100
o UI|H
o |
1 s s
S W

Imim

3 7 4
Xt—-y+t—z=—-
5 5 5

RTINS
57 5T ortyTE=

3k
Letz=k,1ly-k=3ory= ﬁ+ﬁ

Lk 4 -16, 7

0,7, - -
ek T o xE R

3 03
SE
Example - 4 :
Determine the values of A & W so that the following equations have
(i) no solution (ii) a unique solution (iii) infinite number of solutions.
X+y+z2=6,x+2y+32=10,x+2y+Az=Q
Solution :

Writing the above equations in matrix form we have

i

p—

} M [\
> W
I:I:I:II:H:I

X |0
I:EI:II:JEI
ETog
0o

i
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AX =B
C=]A:B]
o1 1:60 01 1 6 O

_ 0. 0

C=H 23 :10-01 2 4 §5-R,-R,
H3A: pE B 1 A-1: pu-63-R,-R,
o1 1 6 O

o2 4 7
H 0 A-3 : pu-10§-R, -R,

(1) There is no, solution =b p(A) # p(C)
ie. A-3=00rA=3&u-10#0 or u#10
(i) There is a unique solution if p(A) =p(C) =3
i.e., A—3#0orA #3and uhave any value
(iii) There are infinite solution of p(A) = p(C) =2
A-3=10orA=3andu-10=0oru=10

Assignments

a 2 30
1. Find the rank of the matrix % 4 7 B
B 6

105
2.  Test the consistency & solve
4x -5y +z=2
3x+y—-2z=9
x+4y+z=5
3.  Determine the values of a & b for which the system of equations
3x-2y+z=b
S5x-8y+9z=3
2x+y+az=-1

(i) has a unique solution (ii) has no solution (iii) has infinite solution.

O d O
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LINEAR DIFFERENTIAL EQUATIONS

Introduction :

The Mathematical formulation of many problems in science, Engineering and Econom-
ics gives rise to differential Equations.

For example : The problem of motion of a satellite

o The flow of fluids.

o The flow of current in an electric circuit

o The growth of population

o The Conduction of heat in rod etc leads to differential equations
Definition of Differential Equation :

A differential equation is an equation involving derivatives of one or more dependent
variables with respect to one or more independent variables.

There are two types of Differential Equation
1. Ordinary differential Equation
2. Partial differential Equation

Example :

d
(a) —y+y=x2

2
dy 3d—+2dy
dx® dx* dx

(b) =0

ou  [Pull
—+ =4
© ot HEH
Linear differential Equation :

Linear differential Equations are those in which the dependent variable and its deriva-
tives occur only in the first degree and are not multiplied together.

The differential Equation of the form
dny dn—l dn—zy

+k, : +k —
dx" dx"” > dx"
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Is known as linear differential Equation with constant coefficients. Where k , k,

are constant, X is the function of x.
There are two types of linear differential Equation
1. Homogeneous LDE
2. Non Homogeneous LDE
Homogeneous Linear Differential Equation :

If RHS of Equation (1) is Equal to zero then we get homogeneous LDE.

. od'y d"'y
1€ dx" *k dx"™!
Where f (x) is the function of ‘x’

The general solution format of Equation (1) of the form (C.S = C.F + P.I)
Where C.S. — Complete Solution

C.F — Complementary function

P.I — Particular integral
So complete solution of Equation becomes (y = C.F + P.I)
Note - 1: In case of Homogeneous LDE
C.S = C.F [where PI = 0]
Note - 2 : In case of Non-Homogeneous LDE
CS=CF+PI
Operator :

2 3
Denoting & 4~ 4" byD,D? D’etc.

dx’ dx?’ dx®
d
So that Y- Dy
dx
dzy 2
—~ =D
dx* Y
dﬂy
=D"
dx" y

Where D-Derivative

1
Then D~ Integration

Then operator form of equation (1) becomes
D'y+ K D™'y+k . D"%y + ....... +Ky=X
= (D"+kD"'+kD"+... +k)y=X
= FDOy=X ... (2)
Where F (D) =D"+k D"' +k D"+ ........ +k_of function D
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Equation (AE)

Putting the coefficient of y equal to Zero in Equation (2) we get an Auxiliary Equation. i.e.
FMD)=0

ie. D"+k D" +kD"+ ... +k =0

Depending value of ‘D’ in Auxiliary Equation, complementary function are different

Case-1:

Case-11:

Case - I11

Case - 1V

types.
If roots are real & Different

Let m & m, are two real roots and different
ie.m #m?2

Then C.F = C em x + Cem x

Where C, C,, arearbitrary constant

If roots are real & Equal

Let m; & m, are two real roots & Equal
iem =m,

The C.F=(C, +Cx) emx

Similarly if m, = m, = m, (Three roots are Equal)

Then C.F = (C, + Cx + Cx?) ™

: If roots are Complex conjugate

Letm, = o+ if} are conjugate complex root

Then C.F = ¢* {C cosPx + C sinfx}

: If two conjugate complex roots are equal

Letm =m, = o+ if} are equal

Then C.F = ¢* {C, + C x) cosPx + (C,+ Cx) sinfx

Example -1 :

Solution :

d’ d
Solve Ez—8d—z+15y=0 ...... (1)

The operator from of equation (1) becomes
(D*-8D+15)y=0
So Auxiliary Equation
D’-8D+15=0
= (DbD-3)(D-5)=0
= D=3,5
Then C.F =C > + Ce™
So complete Solution
y=Ce*+Ce™ (Ans)
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Example - 2 :
2

Solve %—6%+9y =0
Solution :

The operator from of given equation is

(D*-6D+9)y=0

Then AE D*’-6D+9=0

= (D-3)=0

= D=3,3

CF=(C +Cpx)e™

Then C.Sy = (C, + Cx) e™ (Ans)
Example - 3 :

Solve (D*+4D +5)y=0

Solution :
So A.E D*+4D+5=0
D= -4 £+16-4.1.5
2.1
_AxJ4
2
_ ) - o4
2
Then C.F = ¢ > {C, Cosx + C Sinx}
So C.Sy=e™> {C, Cosx + C,Sinx} (Ans)

Procedure to finding particular Integral.
We know that F (D) y =X
- X
= D)

Depending upon nature of ‘X’, Particular integral are different types
Case -1 : When X = e*

ThenP. 1= % where D = a

ax

If F (a) = 0, Then PI =——— provided F’ (a) # 0

F'(a)

XZew(

If F' (a) =0, Then PI = F'—(a) provided F” (a) #0

And so on.
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Case — 2 : Whex X = sin (ax + b) or Cos (ax + b)

sin ax+b)
Then PI =——7—y— PutD*=-4*
F(p7)

ButnotD=-a

_ Sin (ax + b)
TR (_ az) provided F (—a?) #0

If F (—=a?) = 0, The above rule Fails & We proceed further

_ xsin(ax +b)

iePI ~ F’(—az) , Provided F’ (—a?) # 0

Si +b
If F (-=a?) = 0, Then PI = ;r:'((axz)) , Provided F"(-a?®) #0
—a

And so on

Case — 3 : When X = ¢*v, Where v = function of ‘x’

ax

Then PI = ———

en 7 (D)

—e‘“;v
F(D+a)

Similary when X = e™*v

ThenPl =™ ——v
F(D+a)
Case —4 : When X = x" (ie, x, X*, X ......... )

[ xm
Then PI —m =[F (D)]! x™
Convert F (D) into {1 + ®(D)} or {1 — ®(D)} by taking D™
(if possible). Then by using Binomial Theorom we find solution.

Case — 5 : When X = xv

h — pay

:%_F'(DE v Where F* (D is the Derivative of F (D
g F(D)EDF(D) ere F' (D) is the Derivative of F (D)
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Case — 6 : When x = is any other function

= *

Convert F (D) into (D — o) or (D + o) factor form
Then if = Y e Xe " dx if = Y e Xedx
enif =~ I if = I
Example - 4 :
Find P. I of (D* + 6D +3) y = e*

Solution :
B er
P L D' +6D+3 putD=a
re.D=2
2x
ThenPIL =——*
(2)"+6(2)+3
B er B er A
4+12+3 19 (Ans)

Example -5 :

d’y d’y dy
Solve —= -3 +4y— -2y =¢* +cosx
ove dx® dx* ydx Y

Solution :
The operator form of given equation becomes
(D*-3D?+4D -2) y = €* + cosx
So A.E D’-3D*+4D-2=0
= D-1,1+i
= D=1,1%i
CF=Ce + e {C,Cosx + C, Sinx}
e' +cosx
D’ -3D* +4D -2

Then PI =

X

— e + COS x
(p-1)(p*-2D+2) D’-3D*+4D -2

COS x

) (D—1){61X—z +2 +(—1)1) -3(-) +4D 2
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e’ cot x
= +

D-1 3D+1

e N cosx(3D - 1)

T Gp+1)(3D 1)

(3D)cos X —COSX
9D* -1

—3sinx —cosx
+ - 0=
-9-1

-Xxe

xe” +% (3 sin x +cos x)

Engineering Mathematics — Il

1
SoC.Sy=C, e +e {C,cosx + C’sinx) + x e* + — (3 sinx + cosx}

Example - 6 :

Solution :

Find the P.I. of (D*+ 1) y = e* cosx + sin3x

e cosx+sin3x
PlL. =———F—
D’ +1

—_ X

cosx . sin3x
(D+1)3+1 DD +1

ot cos X + sin3x
-D’ +3D* +3D +2 -9.D+1

o CcOSX + sin3x
D’ +3D*> +3D+2 1-9D

. cotx + sin3x
-D+3(-1)+3D +2 1-9D

_ . cosx(2D+1)  sin3x(1+9D)
~¢ 2p-1)(2D+1) " (1-9D)(1 +9D)

. 2D(cosx)+cosx  sin3x +9D(sin3x)
+
4D -1 1-81D?

L —2sinx +cosx + sin3x +27cos3x
4(-1)-1 1-81(-9)

= i(2sinx —cosx) + L(sin3x +27 cos3x)
5 730

94

10

(Ans)
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Example -7 :

2
Solve d—f +9y =xcosx
dx

Solution :
The operator form is (D* +9) y = x cosx
SoAE D*+9=0

= D?’=-9
= D=9
= D=+3i1

CF=C, cos3x +C, sin3x

XCOS X
D> +9
Here F (D) =D*+9
F' (D) = 2D
5 _F(DF

\%
=K==
Then PI 5 F(D)E F(D)

Now PI =

2D [J cosx
D*+90 D* +9

4

put D*=-1

Lo

2D [] cosx
D*+97-1+9

oo

_ Xcosx _ 2D (cos x)
8 8(D?+9)

_Xeosx 2sin x
8 8x8

_Xcosx . sinx _4xcosx+sinx
8 32 32

. 4xcosx+sinx
So C.Sy=C cos,x + C, sin3x +T (Ans)

Example - 8 :
d’y .o
Solve el +4y =x"
Solution :
The operation form given equation becomes
(D*+4)y=x*
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So AE. D,+4=0
= D*=-4
D=/-4
D =+2i
C.F=C cos2x + Czsin2x

U

U

Then PI =

232 -1

So C.Sy=C, Cos2x + C, sin 2x + (Ans)

Other Method for finding P. 1 :
Method of variation of Parameters :
This method is applies to equations of the form
y'+py +qy=x
Where p, q & x are function of x.

Yo X NX
Then P. T= |~ [~ ~dx+y, [~ ~dx

Where y, & y, are the solution of y” + py” + qy = 0 of the form =c,y, + c)y, & w is
called wronskian of y, &y,

i M

Y; Vs

Calculate by formula w (y,, y,) =
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Example -9 :

2
Solve —Z +y=cosecx
dx

Solution :
The operator form of given equation is
(D? +1) = Cosecx
SoAED*+1=0
= D’=-1
= D=J-1=04%i
C.F.=C, cosx + Csinx

Here y, = cosx y, = sinx

cosx sinx

W,y =

—sinx COSX

= cos’x + sin“x = 1

sinx.cosecx sinx.cosecx

Then P.I =-—cos xjf dx +sin xj’f dx

. 1 . 1
=—cos xIsm X.——dx +sin x[cos x——dx
sin x sin x

=—cos xJ’dx +sin xj'cot X dx

= — c0sX (X) + sinx In sinx
So C.Sy=C, cosx + C,sinx + sinx Insinx — x cosx (Ans.)
Partial Differential Equation

Let z=f(x, y) be a function containing two independent variable x & y and z is the
Dependent variable.

Notation : Let z =f(x, y) be a function of x & y

0z 0z _

— = ——q
Then 9 p dy

9’z 0’z _

—— =y P =t

ox* dy

0’z _

0x0y

Formation of Partial differential Equation
A partial differential equation can be formed by
(i) Eliminating arbitrary constant.
(i) Eliminating arbitrary function.

o7



Engineering Mathematics — Il

Example - 10 :
Form a partial different equation by eliminating function
Z=f(x*+y?) (1)
Solution :
Differentiating partially w.r.t. x & y in equation (1) we get

0 , .
—)ZC =f ()C2 +y? ) 2x (taking y as a constant)

= p=f"(P*+y?).2x ..(2)
Similarly g =f" (> +y%).2y ...(3)

P _
Dividing (2) & (3) we get ; =

P
q

<=

= py—-qx=0 (Ans.)
Linear Equation of the First order :
A Linear partial differential equation of the 1st order is of the form
Pp+Qq=R
Where P, Q & R are function of x, y, z.
This equation also known as Lagrange’s Linear equation
NOTE :
The general solution of the liner partial differential equation Pp + Qq =R is
0 (a,b)=0
Or a=0¢(b)
Or b=0(a)
Where ¢ is an arbitrary function & u (x, y, z) =a & v (x, y, z) = b form the solution of the
equation

Then that can be solved by two methods
(1) Method for Grouping
(2) Method for Multipliers
Method or grouping :
Take any two fraction from Subsidiary Equation such that the 3™ variable is absent or it
may be cancelled.

dx _dy
For example take P 5 (such that z may be absent)
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After Integration we getf (x,y) =a
dy dz

Similarly we take 0 R

After Integation f (y, z) =b
So general solution is a = ¢ (b)

or b=0¢ (a)
or 0(a,b)=0
Method for Multipliers

Let us choose the multiplier’s (P, Q’, R”) such

That PP’ + QQ"+ RR" =0

Then we write P’dx + Q'dy + R’'dz =0

On Integration we get f (x,y,z) =a

Similarly choosing the multipliers (P”, Q”, R”) such that

PP” + QQ” + RR” =0

On Integration we get g (x,y,z)=b

So general solution is a = ¢(b) or ¢ (a, b) =0
Example - 11 :

Solve y?zp + z%xq = y*x
Solution :

It is of the form Pp + Qq =R

Where P = y?z, Q = z%x, R = yxx

Taking 1% and 3™ fraction, we get

ax _dy R
Yz yx (Here 3" variable y* is cancelled)
= xdx=zdx

Integrating both sides we get dex :IZdZ
i
2

= x*-7’=2¢c=a

2
Z

— =—+c¢
2

Similarly taking 2™ and 3

dy dz
ie. 5—=—

X yx
= yidy=7z%dz

59



Engineering Mathematics — Il

Integrating both sides we get

y_3 = Z_3 +c!
3 3

= y'-z*=3c'=Db

So general solution in x* — 2> = ¢ (y° — Z°) (Ans.)

Example - 12 :

Solve x (2 —y) p+y (F*+y) q=z=(y’ - x)
Solution :

It is the equation of the form

Pp+Qq=R

Where P=x (z2-y?>) Q=y(@?*-7*) R=2z(y*-x?

) ) d d d
Soits S.E is al = 4 = £

x(z2 —yz) B y(x2 —22) B Z(y2 —xz)

Let us choose multipliers (x,y,z) i.e P'=x,Q =y,R =z

Such that x.x (2> —y*) + y.y (X* = 2 + z.z (y* = x?)
= x272 — 2 yz + yzxz _ yzzz + Zzyz 722
=0
Then we write xdx + ydy + zdz=0
On integration we set

2 2 2
X
_+y_+Z_ =c

2 2 2
= X+y*+722=2c=a

1 1 10

1
Again choose the multipliers O--—>-0ieP"=—, Q"= _,R”
Xy z{ X

N =

1
y
l (2_ 2)+l (xz_ 2)+l ( 2—x2)

Such that xe Yy yy Z Zzy

=22 -y +xX-22+y*-x*=0
1 1 1
Then — dx+ — dy+ —dz=0
X y Z

On integration we get

logx + logy + logz = logb
= log (xyz) =logb
= xyz=b

So general solution in x* + y* + 2= ¢ (xyz)  (Ans)
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Assignment
Solve the followings :
2
T O BRI
dx dx
2. y'+3y+2y=4cos*x
d’y _ dy 2
3. —5-2—+y=xe
dx* dx yore
4. (D*+ a®y=kcos (ax + b)
(D —2)*y =8 (e* + sin 2x)
3 2
6. d—{—d—g—6ﬂ =1+x’
dx”  dx dx
O a ad
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LAPLACE TRANSFORMS

GAMMA FUNCTION :

The grmma function is defined as

M(n)= J’: e “x"dx,n>0 (1)
It defines a function of n for positive values of n.
Valueof I' (1) :
We have,

ra= J’: e x’dx = I: etdxq-e[7=1

Hence, I'(1) =1 ..(2)
Reduction formula for I" (n) :
‘We have,

Mn+l)= J’: e "x"dx [Integrating by parts]

=|=x"e™" |7 +nI0 e”x""dx =0+ nI'(n)

S (n+1)=nT(n), ...(3)
which is the reducation formula for I'(n).

Using the reduction formula for I'(n), we can write the value of I'(n) in the form,

F(n)= r(”n+ b ()

Thus (1) and (4) together give a complete definition of I'(n) defined for all values of n
except when n is zero or a negative integer and its graph is as shown in the following
figure.
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N

4_
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L5

VALUE OF I'(n) IN TERMS OF FACTORIAL
Using I'(n + 1) = nI'(n) successively, we get
re)=rd+nH=1xIra=1!
Q) =IrR+1H=2xI'QR)=2x1=2!
F4)=I@G+1)=3xI'3)=3x2!=3!

In general I'(n + 1) =n!., provided n is a positive integer.
Taking n =0, it defines 0! =I'(1) = 1
Thus, I'(n + 1) =n! (forn=0,1,2,3......) ....(5)

1
Value of FE :

‘We have,
] N
r EHZ .[0 e x"dx [Put x =y, so that dx = 2ydy]
— «© —y2 . . _ © 2
= 2J'0 e’ dy, Which is also = 2J'0 e dx

O @ %ﬁﬁi 4I:I: e_(x2+y2)dx dy [Putx = rcosO and y=r1 Sine]

= 4‘[:/2‘['0&6_’2 rdr d® =4 %[I: e rdr =21 =%—% e % =T
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Hence I BEE_ J=1.772 ....(6)

Example -1 :

Evaluate, ] %ﬁ[rﬁ% Dﬁ %

F4)rer @

Solution :

B0 Dﬂ]

We have, ] %HWHE H E

L. O 8)

I'EE+IHEITH ﬁﬂ/— IDT%@DS{ITHED/E

FrE+nrE+Hra+n - 31.51.7!
J_3r HpVT EnrDlD
a s 2H_ smim
4.31.51.7! 43‘5'7' T 8315171
_nm _ wm
16!1.51.7! 9676800
Example - 2 :
Evaluate I'(-3.5)
Solution :

M(n+1)

n

We know that, [ (n)=

For all n expect n is zero or a negative integer.

Now, we have,

F(=3.5+1) _IM(=2.5) _ '=25+) _ T(=L5)

I'-3.5) =

35 35 (=3.5)(-2.5) (3.5 (2.5)
_ TE1s5+h) 0 105 F(-0.5+1)
(3.5) (2.5)(-1.5)  (3.5) (2.5)(=1.5)  (3.5) (2.5)(~1.5)(-0.5)
_ r(0.5) _ Jm _
(3.5) (2.5)(1.5)(0.5)  (3.5) (2.5)(1.5)(0.5)
- T(=3.5)=0.27
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Laplace transforms :
Definition :

Let f (t) be a function of t defined for all positive values of t. Then the Laplace transforms
of f(t), denoted by L {f(t)} is defined by

L{f®)} :_[O e f(t)dt
Provided that the integral exists. s is a parameter which may be a real or complex number.

L{f(t)} being clearly a function of s is briefly written as £ (s).

e, L{f(D} = f(s).

This implies that, f(t)=L"{ f(s)}

Then f(t) is called the inverse Laplace transform of f(s).

The symbol L, which transforms f(t) into £ (s), is called the Laplace transformation operator.
CONDITIONS FOR THE EXISTENCE :

The Laplace transform of £(t) i.e., J’: e™ f(t)dt exists for s > a, if

(1) f (t) is continuous
and (ii) lim__ {e™f(t)} is finite.
TRANSFORMS OF ELEMENTARY FUNCTIONS :

The direct application of the definition gives the following formulae :

1
() L{l}=706>0)

On!

—.whenn=0,1,2,3,........
(2) L{t} = %

5@, otherwise (s >0)
s

(3) L{e'}= (s> a)

s—a

) L{sinat}:ﬁ (s> 0)

(5) L {cosat}= = jaz (s>0)

6) L {sinhat}= Szfaz (s> |a])
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7 L{coshat}:szjaz (s> |a])

PROOFS :

=)
=5t

1
=—,ifs>0
s s

(1) L{1}=}e’”.1.a’t =|—
0

0

(2) L{tn}:J'e T dt :J-e pﬁ?ﬁ .Tp’onputting St:p
0 0

= nl+1 Ie_p-pndp

0

r(n+1)

n+

,ifn>-1lands>0

ny_ !
If n is a positive integer, I'(n + 1) = n!. Therefore, L{t"} = sn—ﬂ, ifs>0

—(s—a)t *©

—(s—a)‘o -

(3) L{eat} :J'e_ﬂ.emdl‘ :J-e—(s—a)zdl« =dt :‘ , ifs>a
0 0

0

> (=ssinat —acosat)

m—sl . — e a
4) L{sinat)= [¢ sinatdr= = ifs>0
@ Lisina=[ Tra Mo

(5) L {cos at} =Ie_” cosat dt = 2e > (=scosat +asinar)| — il ifs>0
2 s”+a 0 s +a’”’
j’e'” sinh at dt —j'e'” BEDdt
6) L {sinhat}= -
© { } 0 o O 2 @O

0o

100 o 0 U a
- s—a tdt (€+a)tdl_|:| - _ —
Zg I . 2B s+ad 72 , for s > |a|

(=] Ekal_'_e—atl] 1 oy © s |:|
(7) L{coshar} = [¢ " coshardt ‘_[ DTEdt =5 e “Tdt+ [ di
0 0

g

L

101, 10
26 _az,fors>|a|
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PROPERTIES OF LAPLACE TRANSFORMS :
1. LINEARITY PROPERTY :

If a, b, c be any constants and f, g, h any functions of t, then

L{af () + bg(t) —ch(t) } =aL {f{t)} + bL {g(t)} - cL {h(t)}
By definition,

LHS = J'e_”[af (t) +bg(t) —ch(t)] dt
0

(o) 00 00

=afe™ f@)dt +b[e " gt)dt —c[e " h(t)dt
I I I
=aL {fi)} +bL {g(O)} — cL{h(t)}
II. FIRST SHIFTING PROPERTY :
IfL {fit)} = f(s), then

L{e"fiv} = f(s—a)
By definition,

(o)

L{e“ f(1)} :}e”’ef" f(Hdt = J'e‘“‘“” f(H)dt
0

0

=I€_"f(f)df, wherer=s—a = ]?(I’) = ]?(S —a)-
0

APPLICATION OF FIRST SHIFTING PROPERTY :

()  Lfe"} =

s—a
n!
1 whenn=1,2,3,.........

@) Lie"v)= (T
b

(3) L{e“sinbt} = m

s—a

4) L{e“cosbt}= m

(5) L{e“sinhbt} = Gy -b
S—a
(s—a)* -b*

where in each case > a.

(6) L{e“coshbt}=
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III. CHANGE OF SCALE PROPERTY :

IFL {f()} = f(s). then

1 =0s0
L {f(at)} = ;f HH:

By definition,

L{f(at)} = j e f(at) dt
0

Y]

— —sula dl/l dl/l
‘Ie “f ) — [putat=udt= —
0 a a
1 P —sula 1 —0s
=—(e u)=—
a‘([ fay=—f HH
Example -3 :
Find the Laplace transform of ¢* (3t°— cos4t).
Solution :
L{e*(3t> — cos 4t)}
=3L{e*t°} — L{e*cos 4t}
5! s=2 _ 360 s=2

=3

! — — —
(s=2)° (s=2)*+4%> (s-2)° s> —45+20
Example - 4 :

Find the laplace transform of e'sin?3t

Solution :

We have

L{sin3t} = ~ L {1 6l = = - HE— = 7(s)

{sin*3t} = > {1-cos 6t} = 2% sz+62H 5(s” +36)

Example -5 :

Find the laplace transform of ¢~*' sin 5t sin 3t.
Solution :

. . 1
We have, L{sin 5t sin 3t} = 5 L{cos2t — cos8t}
1o s s 0O 30s :f(s)_

T2B7427 FHH (T4 (57 +64)
By first shifting property, we get
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L{e?'sin 5tsin 3t}= f(s+3

_ 30(s +3) _ 30(s +3)
{(s+3)* +4}{(s +3)* +64} {5 +65 +13}{s” +65 +73}

Example - 6 :
Find the laplace transform of ¢ (2\/_ -3/t )
Solution :
‘We have
o .0 -1
Me-+1 Mm—+
A9 ﬁ
L{2t =3/t} =2L &0 3% r% =2 Bil H—3 H i
8 O 8 g S§+1 57+1

By first shifting property, we get

Lie™ (2\/?—3/\/?) =7 (s +2)
Jm__ 3n Jno o 3n

= - -
(s+2): Js+2 (s+2)Vs+2 s+2
Example -7 :
Find L [kin at] hat L [kin
n DHD given that D—D H;H
Solution :
Gi N I3 [sin at] L tan”! og_ 7(s)
iven that, DHI H= {f}= B;H
By change of scale property, we get
[(kinar] _ 1 ¥ 1 L@
- L—1]=- ——tan :—tan
Lifan} = 0 at [J ajﬂ a D(s/aD a d]
0 1 i, [kin at[] 1
a [t B_H
[sin at[] _D
Therefore, L D—D B—B
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LAPLACE TRANSFORMS OF DERIVATIVES :

(1) f7(t) be continuous and L{f(t)} = f(s), then L{f"(t))} = sf (s)— f(0).
Proof : We have

LU @)= [ ¢ f'@) di

=l f O ~f, (9)e™.f ()i

Now assuming f(t) be such that lime___ e™ f{(t) = 0, we have

00

LU0} = =fO) +s[ e f(t)dr
Thus, L{f'(t)}=s f = f(0)

(2) If f7 (t) and its first (n — 1) derivatives be continuous, then

LU () =5" F(5) =" £(0) =" £ (0) = cocccc. = f7(0)
Thus,

L{f"(t)} = s> f(s)=sf(0) = £'(0)
Lif")} =5 f(s) =5’ £(0) =sf'(0) = £"(0)
L{f ")) =s"f(s) =5’ £(0) =5 £(0) = s£"(0) = £"(0)

and so on.
Laplace transforms of integrals :

If L{f (1)} = F(s).then L @’f(u)dm% =15
E S
Proof :
Let ®0) =[f()du then ¢'(r) = f(r) and @0) =0

~ L{¢'(0} = s@(s)—@0)
or L{f(}= s@(s)
or  f(s)=s9(s)

or @) :éf(s)

Hence. L{ [ f(u)du} =17,
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Multiplication By t" :
If L{fit)} = f(s), then

'1

L{t"f(it)} = (- 1)n Ef(s)a wheren=1,2,3...........

Division By t :
If L{f(}= f(s),then

M, O_~=
L %‘f (1 E :L J($)ds | provided the integral exists.

Example -8 :
Find the laplace transforms of
(1) tsin at
(2) tcos at

Solution :

a
(1) We have, L {sin at} =2+

+a2
. d O a =2as
s L{tsinat} =~ 1; ta B [s +d%) 2D
2as
Hence {t sin at} = (s> +a’)’

s
(2) We have, L{cos at} =t g
0 *+a*>-25°0

O L{ICOS Cl%‘— ds WB WE

2 2
s —a

Hence, L {t cos at} = m
Example -9 :

Find the laplace transforms of t* cos at.
Solution :

S
We have, L {cos at} =———
{cos at) = —

0 L{tzcosaf}= ( )2 d” 0 s

ds’ %+ag
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dDa—s O
T ds s+a)2%

_=2s(s7 +a’)? —2a’ —57).2s(s” +a®)
(S2 +a2)4

_ =2s(s* +a?) +4s(s® —a*) _ 2s(s> -3a”)
(S2 +a2)3 (S2 +a2)3
Example - 10 :
‘ ~at _e—ht)
Find the laplace transforms of
Solution :
1
(sta) (s+b)

We have, L {e — e }=

—at _
0 LEte

0 I Ets+a> <s+b>H

= Hog (s +a) —log (s +b)§;o

Os+all _ s(1+a/s)D°°

SO E T H] T by H
_ Us+all
=logl-log BsTbH

Us+all Us

o

Example - 11 :
[ —cosbrJ
Find the inverse Laplace transform of Etig
Solution :
b —cosbd > 1 s

D—D ay
We have, L . IHY PRI

He‘”—cosht 01 s [
0= g e
LE t E -[ -a S2+b2Eds
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= Eog(s —a)—%log(s2 +b2)g
=%910g(s —a)—log(s2 +192)HZo

_l Os—a OO
log +bZHE

INVERSE LAPLACE TRANSFORMS :
We know that if {f(t)} = f (s), then L' { 7 (s)} =f(t)

Let us now determine the inverse Laplace transforms of some given function of s.

0

L'o=1
O (s

4010

Ll = :eal
(2) is_D—aD

Lotg . !

L'0—{= =123
® = HeH -

~ D D at ,n—1
@ B——= =123

Hs-a)'d (n-1)!

40 1 0

L' 1 =—sinat
(5) U7+ oH asma

40 1 0

L' ] =cosat
©) (Is“ +a’[]

S I N A

L' = —sinh at
QI S t
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ad s d_
(8) le—coshat
(9) L_IE{%E:le‘" sin bt
Os—a) +bqQ b
(10) L_IE{%E:W cosbt
s —a)” +b7
40 s 0

1
L [F————f]=—tsinat
(1D [[sz +a2)2D 2a

o g 0 .
12 L'G (sinat —at cos at)

[(52 +a2)2g - a3
INVERSE LAPLACE TRANSFORMS BY THE METHOD OF PARTIAL FRACTIONS :

We have seen that L{f(t)} in many cases, is a rational algebraic function of s. Hence to find
the inverse laplace transforms of f(s), we first express the given function of s into partial
fractions which will, then, be recognizable as one of the above mentioned standard forms.
Example - 12:

sTH+s+2

Find the inverse laplace transform of m .

Solution :
Suppose that,
sS+s+2 A B C
2 - + 2 + (1)
(s+D°(s=3) (s+1) (s+)° (s-3)
Multiplying both sides of (1) by (s + 1)*(s — 3), we get
$2+s+2=A@B+1)(s=3)+B(s=3)+C(s+ 1) ..(2)
Putting s = -1

1
2=-4B=B= 5

Putting s =3

7
14:16C:>C:§

Equating co-efficient of s, we get

1
1=A+C:>A=1—C:>A=§
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Putting the values of A, B, C in (1) we get

Z4s+
s s2_lD1

_ R A
(s+1)*(s=3) 8 (s+1) 2

s+)2 8 (s -3)

E
(

0 s*+s+2 O
O—a 1
s +D*(s =3)7

1L_1D 1 O lLE 10 l% 10
8" Hs+bg 2 0+l 0 (s
_1 -t 1 -t 7 3t

=—e ——e t+—e

8 2 8

Example - 13 :

s
Find the inverse laplace transforms of (s—2) (s> +9)

Solution :
Suppose that,
S A Bs+C
T on = (1)
(s=2)(s"+9) s-2 s 19
Multiplying both sides by (s — 2) (s> + 9), we get
S=AE*+9)+Bs+C)(s-2) ..(2)

2
Puttings:2,2:13A:>A—E

9
Putting s =0, 0=9A — 20:>C=E

Equating co-efficient of s?, we get

0=A+B=B=-— 13

Putting the values of A, B, C in (1), we get
s Zpl 28 +2521
(s=2)(s°+9) 13 s-2 13 (s°+9) 13 (s° 19)

o, g S [l
U7 -
(s =2) (s* +9)0

_EL_IDI D_EL S ELEP 1
13 [LSD —2DD 13 D(s +'9§D 13 Ds2+
:zez’ —zcos3t +ism3t

13 13 13
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OTHER METHODS OF FINDING INVERSE LAPLACE TRANSFORMS :
(I) SHIFTING PROPERTY :

IfL" {7 (x)} =£(t), then
L' {fGs-a)}=e'f()=e"L" { f (5}

() IfL'{ 7 ()} =f(t) and £(0) = 0, then L1 {s. 7 (s)} = %f(t).

In general, L-1 {s" f (s)} =

Provided f (0) =f" (0) = ... ... ... =f"1(0)=0.

(IID) IfL"' { 7 (s)} =f(t), then L*ID_D If
(IV) L { 7(s)} =f(0), then t. £ (t) = L—lEr {f (s}m

[l o —
(V) Iff@®=L"{f(s)}, thenL #%ﬂs f(s)ds,

This formula is useful in finding f (t) when f (s) is given.

Example - 14 :

RO
Find the inverse Laplace transform of tan™! B;E

Solution :

O L @m_
Let Lt Jan™ (A0 f(r)

= L{f(t)}=tan" E%ﬁ#(s)

Then by formula IV we get,

~ 4 (p=-4 Ran
L{tfo) == B (H=- e

5
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= tf(t)y=L" M =sin2¢
Os” +40

sin 2t
= f="
[ Epan" (200 _ sin2¢ .
0 s t

Example - 16 :

ds O
Find the inverse Laplace transform of log ByTIB

Solution :

LetL" @og ﬁﬁ% =f(r)

Os O_ =
= L{f®)=log § 77~/ ()
Then by formula IV we get,
d M_d
L{tf@®}= _gﬁogﬁﬁEH:aaogs—log(sﬂ)@

o 1o0_1 1

- g_s+lg_s+l _;
t t—L-lDD—1 “Heer
e’ -1

Example - 17 :

. . 1
Find the inverse Laplace transform of —7———y.
s (s ta )

Solution :
We have
H 1

! gl(m.g =é sin at = £ (1).
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Then by Formula III we get,

H 1 H

L B—D:lfsinat dt=——
a 0

=ICRTY

Thus we have,

5 1 B 1

L'———= —J'(: (1-cosat)dt

e
1 .
@——smat
a

sin at,

8, =

COCL  COOCL

1
le,_
DQI:I
Q I»—

=i3(at —sinat) .
a

Example - 18 :

Find the inverse Laplace transform of

Solution :
4010 .
L' e =f(t
We have, ELSTS% f( )

Then by Formula III, we get

-1 E =5t
L m SJ- B e Edf
L—l E —Stdt - l =5t

= O _
(g e °h
Thus we have,

L' EB—D H-e

s + 5)3 SI

—St
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0 1-cosat
cos at >
H «
;
s?(s+5)
- @ -1B= -3
5 5
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10,1 1D
“5ETs¢ TSH
= LR 51

Example - 19 :

2

2
(7+)

Find the inverse Laplace transform of

Solution :
We have,

2
L' QS—E -1 sinar =£(¢)
asz + az) 2a
Since f(0) = 0, we get from Formula II that,

L'IH 52 H:L_IQS s B d ()ﬁ

U
{s+a)g B (7+a)g @

= i o1 tsin atD
dt %Ta E
1.
=— (sin at + at cos at).
2a

Example -20 :
s+3

Find the inverse Laplace transform of =
(s +65+13)

Solution :
+ + +
We have, 2 s+3 = s+3 _ s23 ﬁ
2
(s*+6s+13) [{s* +65+9)+af s +3) +4L
Then by formula I we get

U
L_IH s+3 E:L_ID s+3

]
O
0———f=0'0—————f=
E'(s2 +6s +13)25 E((S +3) +2? )2%

N

g s
423

—3[ L

I .
=—e 7 tsin 2t.
4
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Example - 21 :

Find the inverse Laplace transform of >

(e
Solution :
Let, f(t) = L D%@
S H )
Then by formula V we get
Of (10 = - JRPCIE 1= 25
L|:| t D.[Y f(S)dS—L (52+a2)d _E s (s2+a2)2 ds

= E 1 E 1 smat
t 2 d +a )@

H 1§
D—D
s +a’)B 2
LAPLACE TRANSFORM METHOD TO SOLVE LINEAR DIFFERENTIAL

EQUATIONS WITH CONSTANT COEFFICIENTS ASSOCIATED WITH INITIAL
CONDITIONS :

Linear differential equations with constant coefficients associated with initial conditions
can be easily solved by Laplace transform method.

Hence f(t) =L

l‘Sll’l at

Working Procedure :

Step - 1: Take the Laplace transform of both sides of the differential equation and then put the
given initial conditions.

Step - 2 : Transpose the terms with minus signs to the right.
Step - 3: Divide by the co-efficient of y, getting y as a known function of s.

Step - 5: Resolve this function of s into partial fractions.

Step — 5 : Take the inverse Laplace transform of both sides. This gives y as a function of t
which is the desired solution satisfying the given conditions.
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Example - 22 :
Solve the following equation by transform method;
y” -3y’ + 2y =¢* wheny (0)=1and y’(0) = 0.
Solution :
We have, y” — 3y’ +2y = & (1)
Taking Laplace transform of both sides of (1), we get
L{y"}=3L{y’} +2L {y} =L {"}

1
= [$27 —sy (0) -y (0)]-3[sy -y (0)] + 25:5
Putting y (0) = 1 and y” (0) = 0, we get

Sz?—S—3sy+3+2y=s—13
2

= 5.2 -3s42)= +S_3=¥

__ 5 =6s5+10
= (s—3)(s2—3s+2)

s = s —6s+10
= T E-)6-N6-2) (2)

S2_6S+10 _ A B C

Let. (;=3)(s-1)(s-2) 5-3 s-1 52
Multiplying both sides of (3) by (s =3) (s—1) (s — 2), we get
$2—6s+10=A(G-1)(s=2)+B(s-3)(s-2)+C(s-3)(s-1) .4

5
Puttings=1,B = >

Puttings =2,C=-2
1
Putting s =3, A = >

Substituting the values of A, B, C in (3), we get
_ 1 1 5 1 1
YT6-3) 26 PG -2)

Taking inverse Laplace transform of both sides, we get

__1D1D5 ~ 0
L'y} g LE_—E ZZ@S—B—

yzlesr +§et _2e2t
2 2

This is the required solution.
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Example - 23 :

Solve the following equation by transform method;

(D*+0?) y =cos ot, t > 0, giventhaty=0and Dy=0att=0
Solution :

We have

(D? +0?) y = cos ot

i.e.,y”+w*y =cos mt, giveny (0) =y’ (0)=0

Taking Laplace transform of both sides of (1), we get

L{y”} +w’L{y} =L {cos mt}

— ’ — s
= Yy =sy (0) -y (0)+m2y = Tia
Putting (0)=0and y’ (0) =0, we get

S
= 2 2\ =
y.(s°+w) e

N

= y g -.(2)
(7 +w)

Taking inverse Laplace transform, we get

LI =

(7 + )

Y= 5, tSino

This is the required solution.
Assignment
1. Find the Laplace transforms of the following :

t . t t .
() {J’%} (b) L{Je Costdt}

0 0

2. Find the Laplace Transform of f(t) in each of the following :

sin2t, when 0<t<Tl 1, when 0<t<2

@) f(t):{ 0, whent>Tt (@) f(t):{t, when t>2

3. Obtain the inverse Laplace transforms ofthe following functions
2s% —6s +5 a(s? —2a?)
@ 6T +11s -6 ®
S 1+s
© Fres+13 (@) loe (_)
O a O
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FOURIER SERIES

Periodic Functions :

If the value of each ordinate f{(t) repeat it self at equal interval in the abscissa, then f(t) is
said to be a periodic function.

If fO=f(t+T)=f(t+2T)=....., then
T is called period of the function f (t).
For example
sinx = sin (x + 27) = sin (x + 47) =......

So sin x is called a periodic function of period 21

VA

Founier Series :
A series of sines and cosines of an angle and its multiple of the form

a
-2 +a,cosx +a,cos2x +...+a cosnx +....
2

+bsinx +b,sin2x +...... +b sinnx +.....

aO o (=) .
=2+ Zan cos nx +an sin nx
2 2

is called a fouries series, there a,a &b are called fourier constants
Useful Integrals
The following integrals are usful in Fourier series :

a+21

1. J'q sinnx dx =0 2. J':+2ncos nxdx=0
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a+2m |, a+21 )
3. I sin” nxdx = Tt 4.I cos” nxdx =Tt
a a
a+2m | . a+21
S. I sin nx.sin mxdx =0 6. I cosnx.cosmxdx =0
o o
O+2T | o+27T |
7. J' sin nx.cos mxdx =0 8. J' sin nx.cosnxdx =0
a a
9. Iuv Zuv, —u'v, +u'"v, —
du d’u
where v, =J'vdx, v, =J'v1dx,v3 =J’v2dx uw=—u"=— &
dx dx

10. sinnmt=0 & cos nt = (—x) wheren € |
Let f(x) be represented in the interval (o, o + 27) by fourier series

f(x):a?‘)+leancosnx +x2:1bn sinnx (D

To find a, :
Integrate both sides of equation (1) form x = o tox=A + 2. Then

a+2m (x)d 1 a+2nd + a2 |2 Il + a+2m[ |2 b si Dd
ch fx x—ZaIJ’G X J'a DZ ancosnx%dx J’a DZ nsman X
1
=§a0(a+2n—a)+0+0 =a,n

1 _o+2m
Hence a, = —I f(x)dx
T[ a

To find @_: Muliply cos nx a_both sides of equation (1) and integrate fromx=2tox=2 +
2R, Then

T d _1 oram A(ES a cosnxD
Iﬁ f(x) cos nx X_E aofa cos nxdx J'a O ) n %Cosnxdx
o+2T1T © . D
+ch %Z b, sinnxf connxdx = 0 + na_+0
= | n

1 _a+2m
a, +—J' f(x)cosnxdx

T[ a

To find b_ : Multiply sin nx on both sides of equation (1) and intergrate from
X=T tox=T+ 27, then

o+21 . a, 2+m |
J’ f (x)sin nxdx =2 J' sin nxdx +
a 2 )

a

a+2m[ |[& O . a+2m[ |2 . Ul .
J’ Dlz a, cos nxin nxdx +J’(x Dlz b, sinnxsinnxdx = () + () + 1tb
= 0 = 0 !

84



Engineering Mathematics — Il

1 _a+2m .
Hence b, = —I f (x)sin nxdx
T[ a

Making o = 0, the interval becomes 0 < x < and the formula (1) reduces to

a,=1 J’Z" F(x)dx
10

OO

1 om 0 ...(i1)
a, _1_'[-[0 f(x)cosnxdxE

_1 2R .
b, —EJ'O f (x)sin nxdx

Putting oo = — 1, The interval becomes —m < x < 7, the formula (I)

reduces to

1 .m
a, = EJ’_nf(x)dx

a,= lJ'T[ f(x)cos nxdx
T[ -

...(1i1)

I o

b, =1J’ﬂ f (x)sin nxdx
T[ -Tt

Euler’s Formula :

The fourier series for the function f{(x) in the interval Tt < x < 7t + 27 is given by

00

fx)= %0 + Zan cos nx +an sinnx
1 _a+2m
where q, :E L f(x)dx
1 _a+2m
a, =— J' f(x)cosnxdx
‘r[ a

b=t I“”" 7 (x)sinnxdx
'r[ a

The value of a, a & b_are known.
Euler’s formula.
Example - 1:
Given that f(x) = x + x* for — < x < 7, find the Fourier expansion of f{x). Hence that
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Solution :

L oo oy + 2x +
etx +x*= 5 a,cosx +a,cos2x +.....

+b, sin x + b,sin2x + ...... ..(1)
PR B _10¢ «x o
a(,—TJ_T[ x x—nj'_nx x”)dx T[E,? 3EL
G, 2
nH2 "3 2 38 3

a, = ln J’_nn f(x)cosnxdx = l,_J' _nn(x +x%) cos nxdx

_1 @x_'_xz)sinnx ~(2x+ 1)( cosnx) +2.D—sinnxDﬂ

- 3
X X

=

T

QZT” D cosnTt (—2T[+ 1) cos( O
x’

B

=N

1
Tt X

Emﬂ:o;nn@: 4.( —21)"

b, :ljn (x + x°)sin nxdx
Tt -T

:lg )Gcosnx _(2x +1) [@fsignxﬂ*_zcos;axﬂ[
T X H X Bn

os nx[] cosnx 2cosnT[]
——Er(mﬁ)ﬁf’— ®) %ﬁfa (-ru+ 1) S

X X

1 2m

=— cosn H_ 2 (="
nH TE n

Substituting the values of a, a & b_is equation (1)

x+x’ =i +4D COS X +i0052x 1cos3x+
3 H 22 32
-2 E—sinx +%sin21‘[—%sin3x +§ ..(2)

Put x =7 in equation (2)
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n+rf=§44é+L+l—+l— +..

22 32 42 '(3)

g

Put x = — 7 in equation (2)

, C 1 1 1 O
T+ T = ?4'4%4'?4'3—24‘?4' ...... H (4)

Adding equation (3) & (4)

2#:?+8§+2i+i+i U

S
3 2”3 4 5
i=1+i+i+i+ ....... =ZL
6 27 3 4 4 X’

Dirchelet’s Condition :

[+

a ©o
. . . 0 :
Any function f{x) can be developed as a fourier series 5 + Z a, cosnx +Z b, sin nx
n= n=

where a, a_, b_are constants provided.

(i) fix)1is periodic, single valued and finite

(i1) f(x) has a finite no.of discontinuities in any one period
(iii) f(x) has at most a finite no.of maxima and minima.

Discontinuous Functions : At a point of discontinuty, Fourier series gives the value of
f(x) as the arithmetic mean of left and right limits.

At a point of discontinuty, x =c

1
f(x) =§[f(c ~0)+ f(c +0)]

Example - 2 :

Find the fourier series expansion for

£ 1 —Tt<x 0
. )=
f), if Ex, 0<x<T
1 1 1 ™
Deduce that I +3—2 +5—2 +.... =§

Solution :

00

Let f(x =%y S a cosnx +Y b sinnx ...(1)
f(x) . Z : Z X
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_] o, m n
then a, == B’_n( T0)dx +I0 xdx g

——B‘T{/Y}O HXDD—lDD—ﬁ -IL'ED:_T[

2DE7E n o2

1 n O
a,=—0 (—T[)cosnxdx +J'xcosnxde
n T 0 |:|

:l —n) [E'tgin nil E . @in nx "'COS;@ TE

T O n O,0 X x U g

1 1 10 1
_?[@)+?cosnﬂ—n—zazﬁ[005 nT[—Z]

G g =0 h a0
10 . o0
=— [J (—=T)sin nxdx 4:" xsin nxdx]
nH, ) N
1 cosmi]” . [J=x.cosnx smmd] 0
T[@] X |:]—r[ U X )C DOD

:11_[5';-[(1 —cosnn)—gcosnT% :i(l —2cosnT)

0 & 3, b5 _?l,bg 1,b4=_?1

Substituting the values of a’s and b’s in equation (1), we get

cos 3x cosSx O

X)=———gosx t——— +—— +..,
1= ﬁ s H
+3sinx— sin2x +3 sn;?ax o (i)
Putting x = 0 in equation (ii)
m 2 1 1 0
O)=-——-——fd+5 +5 +...
f(0) 2 n@ 7t °°H ..(iii)

Now f{(x) is discontinuous at x = 0
Butf(0-0)=-m andf(0+0)=0

070 Sf@ 0r f6 OF
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From equation (iii)

E—;T[—EDI +i+i+ O
2 4 nwH? 3 ' H

Ex. (i) x*,x%x5...... even powers. of x
(i) cos x, sec x etc.

The graph of such a function is symmetrical with respect to y-axis. Here y-axis is a
mirror for the reflection of the curve

AY

) VAN . )
O\

\

The area under such a curve from —t to 7 is double the area from O to .

0 }nf(x)dx: Z_I’f(x)dx

Odd function : A function f(x) is called odd (skew symmetric) function if f{—x) = — f{x)
Ex. (1) x3x°,4,... odd powers if x

(i1) sinx, cosex, tanx etc

VA

Here the area under the curve from —m to T is zero

i, [F(0dr=0
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Expansion of an Even Function :

4= [ Sy =2[ " (s

1 n s
a,= —J' f(x).cos nxdx = gJ' f(x)cos nxdx
I TTtJO
As f(x) and connx both are even, the product of f{x).cosnx is also even.
b = lf” f(x)sinnx dx =0
T[ =T

As sin nx is an odd function. The product of an even function with odd function is odd.
therefor we need not calculate b .

The serives of an even function contain cosine terms only.
Expansion of an odd Function :

1 .m
a, =;J_nf(x) dx =0
1 .m
a, = F[I_nf(x)-COS nxdx =0 (-+ f(x) . cosnx is odd function)

b, = lj'n f(x).sinnx dx = gJ'nf(x).sin nx dx
TTJ—m TTJO

(" f(x).sinnx is even function)
The series of an odd function contain sine terms only.
Example - 3 :
Obtain a founier expansion of for flx) =x*. in T <x <7
Solution :
f(x) = x*is an odd function.
~.a,=0anda =0

b, = 2 11([(x) sin nxdx -2 " sin nxdx
! nIO ' nIO '

2 05 —cosnx , —sinnx cos nx sin nx[d'
:—Ex . -3x". — thx.———6.—
T X X X X EF

2 [0 5 cosnx cosnxd'

:?TH'X. . +6x. x3 %
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L0 60
=2.(-" G—+—0]
gr  Xf
O 60. O-1t 60 O -# 6 .
- @3 =2 Mt ssinx H{]—— +—]sin2x §] —— +-F sin3x +....
m! o 02 20 0O 3 30

Half Range Series :

To obtain a Fourier expansion of a function f{x) for the range (0, 7t) which is half the period
of the fourier series. As it is immateriad what ever the function many be outside the range
0 <x <m, we extend the function to cover the range —7 < x < 7. So that the new function
may be even or odd. The fourier expansion of such function of half the period consists sine
or cosire term only.

Sine Series :

If it is required to expand f(x) as a sine aeries in 0 < x < 7 me extend the function to the
range —T < x < T, so that if will be an odd function.

The desired half-range sin series is given by

fx)= ibn sin nx

where b, = EIH £ (x)sin nxdx
TT 0

Cosine Series :

If its is required to expand f{x) as a cosine series in 0 < x < 7t, We extend the function to the
range —T < x < 7, so that if will be an even function.

The desired half — range cosine series is given by

a, | —
x)=—+ a_ cosnx
fw=2+5a

n=

2 m
where 4, = F[IO f(x)dx

2 n
== d
a, TJO f(x) cos nxdx

Example - 4 :
Find the half - range sine series for the function f{ix) = e* forO <x <7
Solution :

f(x)= ibn sin nx

2 n ) 2 o
where b, = 1—TJ'0 f(x)sin nxdx = ;[J'O e™ sinnx dx
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2|:| ellX
__Bi(asmnx n.COS NX)[]
nw Lh
20 e D
__Di(asmm'[ ncosnty + Al
nw’ a’ +n’[
_2
ll’l aT[
R —— H (D" +1H
1}1 arty
(a +n’ )T[B D E
_21+e™) o _2.2(1-e")
1 (a2+1).r[’ 2 (aZ +22)T[
™ —%D“-ean Sjnx+Msin2x+
T+ a’ +2> a
Assignment

Find a fourier series to represent f(x) =T—x,0 <x <2 TU
Find a fourier series to represent the function

fx)y=e for—-m<x<m

B—l, for —TI<x< I
2
0
Find the fourier series of the function f(x)= E), for —— < x< o
0 2 2

Eﬂ, for 1—2T<x<T[

0 T
g , 0<r=<—
Represent the following function by a fourier sine series f(r) =[] 2
. Sism
é for 0<x< I
Find the fourier cosine series for the function f£(x) =] 2
53 for P x<T

O d O
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FINITE DIFFERENCE AND INTERPOLATION

Finite Difference :

Suppose we are given the following values of y = f'(x) for a set of values fx :

XX, XX, e X
Y Y Y, Y, e Y,

The interpolation is the technique of estimating the value of a function for any intermediate
value of the independent variable. While the process of computing the value of the function
outside the given range is calle extrapolation.

Suppose that the function y = f(x) is tabulated for the equally spaced values x = x, x, + h,
x,+2h,....... x,+nhgivingy=y,y, ...... y,. To determine the values of f (x) for some intermediate
values of x, the following two types of difference are found useful.

Forward difference - The differences

Ay,=y,—Y,
Ay, =y,-y,
Ay =Y Yo
Similarly Ay, =Ay, — Ay,
Ny =Ny - ANy,

Anyo = An—lyl _ An—lyo

Forward difference table

Value of x | Valueof y | 1stdiff. | 2nd diff. | 3rd diff. 4th diff. | 5th diff.
X, Yo Ay,
x,+h Y, Ay, Ay,
x,+2h Y, Ay, Ay, ANy,
x,+ 3h Y, Ay, Ay, Ny, Ay,
X, +4h v, Ay, Ny, Ay, Ay, Ay,
x,+ Sh \A
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Backward difference

Vy =y, - Y,
Vylz y1 - y()

Vnyn — Vn—lyn_ Vn—ly

Backward difference table

n-1

Value of x | Valueofy | Istdiff. | 2nd diff. | 3rd diff. 4th diff. | 5th diff.
X, Yo Ay,
x,+h Y, Ay, Ay,
x,+2h Y, Ay, Ay, ANy,
x,+ 3h Y, Ay, ANy, ANy, A'y,
x,+4h Y, Ay, Ny, Ny, Ay, Ny,
x,+ Sh \A

Differences of a polynomial

We know that the expression of the form fix) =ax"+ax""'+....+a_x+a_wherea’s are
constant (a,# 0) and n is a positive integer is called a polynomial in x of degree n.

Theorem :

The 1% difference is a polynomial of degree n is of degree n — 1, the 2™ difference is of
degree n — 2, and the nth difference is constant. While higher difference are equal to zero.

The converse of the theorem is alos true which stated that if n™ difference of a function
tabulated at equally spaced intervals are constant, the function is a polynomial of degree n.

Example -1 :
Form the successive forward differences of ax?, the interval being h.
Solution :
Here y= f(x) =ax’
We know that
Ay, =y, -y, =fx+h)-flx)
= A (ax®) = a(x —h)? — ax®
=a (x* + 3x’h + 3gh’> + h®) — ax®
=a (3x*h + 3xh> + h¥)
Again, A’y =Ay —Ay,
s A ax))=a {3 (x+h)’h + 3(x + h)h? + h*} —a (3x*h + 3xh? + h?¥)
= a {3x*h + 6xh? + 3h® + 3xh? + 3h? + h3 — 3x*h — 3xh? — h*} = a {6xh? + 6h%}
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Ay, = Ay, = A,
= A3 (ax®) = a {6(x + h) h? + 6h*} — a {6xh? + 6h3}
= a {6xh?+ 6h* + 6h’ — 6xh?— 6h’} = 6ah’® = Constant
and A'y,= Ny = Ny,
s A*ax?) = 6ah’ — 6ah’* =0
Here it shows that the the third differences of a polynomial of third degree is constant &
the higher difference & are zero.
Factorial Notation

A product of the form x(x — 1) (x — 2) ........ (x —r+ 1) is devoted by [x]" and is called a
factorial.

In particular
[x]=x,[x]2=x(x-1)
P =x(x-1)(x-2)
x]"=x(x-1)(x-2)...... (x—n+1)

which is called a factorial polynomial or function.

The factorial notation is of special utility in the theory of first differences. It helps in
finding the successive differences of a polynomials directly by simply rule of differentiation.

The result of differentiating [x]" is similar to that of differential x".
Example - 2 :

Estimate the missing term in the following table :
X 0 1 2 3| 4

foo | 1] 3] 981

Solution :
Let the missing term by y,. The following is the difference table.

y A A? A’ A*
1
1 3 2 4 y,— 19
2 9 6 y,— 15 124 — 4y,
3 ¥s ¥,—9 81 -2y,+9 105 -3y,
4 81 81—y,

As only fqur entries y,, y,» Yy ¥, are given, the funct?on y can be represented by a third
degree polynomial, here 4" order difference becomes zero, i.e.,

124 -4y, =0
= y3:31

Hence the missing term is 31.
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Example - 3 :
Estimate the missing term in the following table :

X 0 1 2 3 4 5 6
y 5 11 22 40 -- 140 --
Solution :

Let the missing term by y, & y,. The following is the difference table.

x: y: A A? A3 A* Ad
0 5
1 11 6 5

22 11 7 2 y,— 67
40 18 y,—40 y,— 58 303 — 4y, 370 - 5y,

2
3
4 Y, y,—40 130 -3y, 238 -3y, yg+ 6y,— y,+10y,-1001
5 140  140-y, Vot ¥, y, + 3y, — 460 698

6

v, y,-140 280

As only four entries y,, y,, ¥,, ¥, ¥, are given, the function y can be represented by a 4®
degree polynomial & hence 5" difference becomes zero, i.e.,

370-5y,=0 and y,+ 10y, —1001 =0
Solving these, we get
y,=74 and y, =261

Newton’s Forward interpolation formula for equal intervals

Let the function y = f(x) takes the values y, y,, ¥,..ceeee. corresponding to the values

X, X, +h, x, + 2h of x.

n(n—1)

f(x,+nh) =y, +nly, + Azyo +

0 Teeeees

M =D(=2) o
3! &

Obs. This formula is used for interpolating the values of y near the beginning of a set of tabulated
values and exterpolating values of y a little backward (i.e. to the left) of y,.

Newton’s backward interpolation formula for equal intervals

Let the function y = f(x) takes the values y, y, y,....... corresponding to the values

X, X, +h, x, + 2h of x.

f(x,+nh)=y, +nly+ n(nT-:-l)D Zyb % 3-37" ......

Obs. This formula is used for interpolating the values of y near the beginning of a set of tabulated
values and exterpolating values of y a little backward (i.e. to the right) of y .
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Example - 4 :
The table gives the distances in nautical miles of the visible horizon for the given heights
in feet above the earth’s surface.

x = height 100 150 | 200 | 250 300 350 400
y =distance | 10.63 | 13.03 | 15.04 | 16.81 | 18.42 | 19.90 | 21.27

Find the values of y when (i) x = 218 ft.
Solution :

The difference table is as under :

x y A A? A3 A*

100 10.63
2.40

150 13.03 -0.39
2.01 0.15

200 15.04 -0.24 -0.07
1.77 0.08

250 16.81 -0.16 —-0.05
1.61 0.03

300 18.42 -0.13 -0.01
1.48 0.02

350 19.90 -0.11
1.37

400 21.27

(i)  If we take x, = 200, then y,= 15.04, Ay = 1.77, A’y =-0.16, A’y = 0.03 etc.

Y 18 56
50

.. Using Newton’s forward interpolation formula, we get

nn-1) N ) nn—-1)n-2) A
1.2 1.2.3

Since x =218 and h=50,0 &

Yaig = Yo +nly, + o Feeee

0.36 +(-0.64 0.36(-0.64)(-1.64
f(218)=15.04 + 0.36(1.77) ++)(—0.16) + ( 5 X ) (0.03) +....

(ii) Since x =410 is near the end of the table, we use Newton’s backward interpolation formula.

70 1060
50

Using the line of backward differences
Y, =21.27, V’y =-0.11, Vly_=0.02 etc.

.. taking x, =400,n =
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.. Newton’s backward formula gives

n(n+1) nn+1) (n+2b
Ya10= Yaoo T NVY 500 + 2 D2y406I_ 1.2.3 3)’45'5

0.2(1.2)

=21.27 +0.2(1.37) + (=0.11) +.... =21.53 nautical miles.

Example -5 :
Find the number of men getting wages between Rs. 10 and 15 from the following data :
Wages inRs.[ 0—10 | 10—-20 [ 20-30 | 30-40

Frequency 9 30 35 42
Solution :

First we prepare the cumulative frequency table, as follows :
Wages less than (x) | 10 | 20 | 30 | 40

No.of men (y) 9 39 | 74 | 116
Now the difference table is
X y A A? A3
[9]
20 | 39
35
30 74 7
42
40 116

We shall find y . i.e. number of men getting wages less than 15.
Taking x, = 10, x = 15, we have
n= X% _15-10 =i=0.5
h 10 10

.. using Newton’s forward interpolation formula, we get

_ n(n-1) nn-1)(n-2)
Yis = Yio Tnly,, + X Azylo +T

A3)’10

0405 x30 + 0D O5=D o (0505-D©05-2)
2

6
=9+ 15-0.625+0.125 = 23.5 = 24 approx.

Number of men getting wages between Rs. 10 and 15 =24 — 10 = 5 approx.
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Example - 6 :

Find the cubic polynomial which takes the following values :
X 0 1 2 3
fo | 1 2 1|10

Solution :

The difference table is
x f Afx) AN A
0 1

1
1 2 -2

-1 12
2 1 10

9
3 10

x=0

We take x, = N =

Obs.

.. using Newton’s forward interpolation formula, we get

f@=ro+s * pp ) + 0D e p ) 42X TDET2) 5
1.2 1.2.3
. (1)+x(x2 1)( ) +x(x—1)6(x—2) (12)

=2x* + 7x* 4+ 6x + 1, which is the required polynomial.

X—x
To compute f(4), we take x =3, x=4so that p = Y = =1

Using Newton’s backward interpolation formula, we get

) =f(3) + nVA3) + 2 DD FG¥ % 31(3)

=10+9+ 10+ 12 +41

which is the same value are that obtained by substituing x = 4 in the cubic polynomial
above.

The above example shows that if a tabulated function is a polynomial, then interpolation
and extrapolation give the same values.

Lagrange’s Interpolation formula for unequal intervals :

(x=x) (x=xy).cc..(x —x,)

(x=x) (X5 =%,)eee (X5 —x,)

flx)=
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_ (x=x)(x—x)..x—x,)

n

(x; = %) (x; =%5).ee(x; —X,)

0

S (x=x)) (x=x).cee(x —x,)

(x, =x,) (x, =x,).cc.(x, =x,_,)

Lagrange’s Method for unequally spaced values of x :

= WO =Y 7y) L 7Y O TY) (Y 7))
(Yo = Y1) (Vg = Y2)eeeeens Yo =Y) (= Y0) (V) = ¥p)eeene. (y; =y

e T O Y (Y = Y)
(¥ = Y0) (¥ = ¥Deeeeens (B = Yct)

Example -7 :

Use lagrange’s interpolation formula to find the value of y when x = 10, if the following
values of x & y are given.

Solution :

Here | x,=5 | x,=6 | x, =9 | x; =11

and |y, =12y =13 ]y, =14 | y, =16

Putting x = 10 and substituting the above value in Lagrange’s formula, we get :

_ (= x)(x—x)(x —x5) (x=x,)(x —x,)(x —x;)
f(X) - - + N
(x() _x1)(x0 _xz)(xo _x3) (x1 _x())(x1 _xz)(x1 —X3)

4 (x=xy)(x —x)(x —x3) + (x=x)(x—x)(x —x,)

(X5 = %0)(x; =x,)(x, _xs). ’ (x5 = x0)(x; =) (x5 _Xz). ’

£10y=1076 009 A0-1D 1075 A0=9 A0 -1D )5
(5-6)(5-9) (5-11) 6-5)(6-9) (6 -11)

4 10-5)(10-6) (10 -11) 14 + (10-5)(10-6) (10 -9) x1
9-50-6)O-1D 10-5)(11-6)(11-9)

__ AxXIXED) g, SXEX(AD)
(=D x(—4) x(-6) 1 x(3) X(-3)

LIXAX(D) 54 48 65 280 320
4x3%(-2) 6x5x2 24 -15 24 60

=2-4.33+11.66 +5.33 = 14.66
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Example - 8 :

Apply lagrange’s method to find the value of x when f(x) = 15 from the given data.

X 5 619 11

fo) | 121 13| 14 16

Solution :
Here
X= 5, X, =6, x,=9, x, =11
v, =12, y, =13, y,= 14, y, =16
Taking y = 15 and using the above results in Lagrange’s inverse interpolation formula.

X= fx) = =y =y —ys) X+ (= Y)y = ¥)(y =¥3) 1
(Yo = Y)(Yo =¥)(¥y —¥3) (= Y)( =¥ —y3)

O=y )G =3 =y) L 73O =y =y))
(yz _yo)(yz _y1)(y2 _y3) ’ (y3 _yo)(y3 _y1)(y3 _yz)

+ X

_ (15-13)1(15-14) (15 -16) x5 + (15-12)1(15-14) (15 -16) X6
(13-13)(12-14) (12 -16) (13-12) 13-14) (13 -16)

+ 15-12)115-13) (15 -16) X0 + A5-12)1(15-13) (15 -14) x11
(14-12)(14-13) (14 -16) (16-12) (16 -13) (16 —16)

_ 2X1x(-1) x5+ 3 %1 x(-1) >(6+3><2><(—1))(9_|_3>><2><1 11
DX X(4) T Ix(A) KB 2XIx(D)  4x3x2

5 27 11
=—-6+— +Z=1.25 -6+135+275=175-6=11.5

4 2
Assignment
1. Find a cubic polynomial which takes the following values
X 0 1 2 3
fx) 1 2 1 10

2. Given the values
X 5 7 11 13 17

y 150 392 1452 2366 5202

Evaluate y, using Lagrange’s formula.
3. Given sin 45° = 0.7071, sin 50° = 0.7660, sin 55° = 0.8192 and sin 60° = 0.8660. Find

sin 52° using Newton’s forward interpolation formula.

O d O
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NUMERICAL SOLUTION OF EQUATION

An expression of the form
f=ax"+ax""'+ ... +a_x+a

where a, a , a,, ....... a_ # 0 are constant and n is a positive integer is called a polynomial
in x of degree n.

The polynomial f{x) =0

For example (D2 +x*=13x+6=0
2)x¥*-4x+9=0

are called algebraic equation.

Transcendental equation -

If f(ix) is a functions other than algebraic function such as trigonometric, logarithmic,
exponential etc. then f(x) is called transcendental function.

Root of an equation -
The value of x which satisfied f(x) = 0 is called the root of the equation.

Geometrically a root of the equation f{x) =0 & y = 0 is the value of x where the graph meet
the y-axis.

Solution of an equation -

The process of finding a root of an equation is known as the solution of an equation.
Different methods to solve the equations.

(a) Analytical method

(b) Graphical method

(¢) Numerical method

Limitation of analytical method

This methods produce very exact and accurate results. But it fails in many cases such as it
fails to find roots of transcendental equation.

Limitation of graphical method -
This methods are simple but these methods produce result to a low degree accuracy.
Advantages of Numerical method —

This methods are often of a repetitive nature. These consist in repeated execution of the
same process. Where each step the result of proceeding step is used. This is known as
iteration process and is repeated till the result is obtained to a desired degree of accuracy.
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The followings are some Numerical methods to find root of algebraic and transcendental
equation —

(1) Bisection method

(2) Newton — Raphson method

Bisection method :

This method consists of locating a root of the equation f{x) = 0 between a and b. If f(x) is
continuous between a and b, and f(a) and f(b) are of opposite signs then there is a root
between a and b. from the graph f(a) is negative and f(b) is positive then there is a root lies
between a and b. The first approximation to the root is

X, :%(a +b)

Y

a_ X, /

’ Wx} v x

if f(x) = 0, then x, is the root of equation f{x) = 0. Otherwise the root lies between a
and x, or x, and b according to f(x,) is positive or negative. Then we bisect the interval and
continue the process until the root is found to desired accuracy.

In the fig.1 f(x,) is +ve, so the root lies between a and x,. Then the 2" approximation

1
to the root is X, = E(Cl +x) . If f (x,) is —ve, the root lies between x, and x,. So the third

1
approximation to the root is X; = 5 (x; +x,) and so on.

Example -1 :

(a)

Find a root of the equation
x* —4x — 9 = 0 using the bisection method correct to three decimal places.

2 25 2625 275 3
f(2)=-ve F2.5=—ve  fQT5=+ve [(3)=+ve

Solution :

Let fx)=x*-4x-9
f2)=2)Y-42)- 9=-9 (-ve)
f3)=(3)-43)- 9=6(+ve)

aroot lies between 2 and 3.
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First approximate to the root is
X, 2%(2 +3)=2.5
flx) =(2.5°-4(2.5) -9 =-3.375 (-ve)
the root lies between x, and 3. The second approximation to the root is
X =l(x +3) 21(2 5+3) =2.75
» =5 5 (2. .
flx) =(2.75)° - 4(2.75) - 9 = 0.7969 (+ve)
the root lies between 2.5 and 2.75
1
Sox, = 5 (2.5+2.75)=2.625
f(2.625) = (2.625)° -4 (2.625) -9 = - 1.4121 (-ve)

the root lies between 2.625 and 2.75.

(2.625 +2.75) = 2.6875

)C4:

N | =

Repeating this process, the successive approximation are

x,=2.71875, x,=2.70313, x, = 2.71094, x,= 2.70703, x, = 2.70508,

X, = 2.70605, X, = 2.70654, X, = 2.70642. Hence the root is 2.7064.
Example - 2 :

Find the root of the equation x log x = 1.2 which lies between 2 and 3, using bisection
method taking 2 stages.

Solution :
Let fix) =xlog x—-12=2x1log, 2-1.2
=2x.3010-1.2=-0.5979 (-ve)
f(3)=3xlog x—-1.2=0.2314 (+ve)
the root lies between 2 and 3
1
=5 (2+3)=2.5
f(2.5)=2.5 (log,,2.5) - 1.2 =-0.205 (-ve)
the root lies between 2.5 and 3
x,= % (2.5+3)=2.75
Hence the root is 2.75.
Example -3 :

By using the bisection method, find an approximate root of the equation sin x = —, that
X

lies between x =1 and x = 1.5 (measured in radians). Carry out computations upto the 7th
stage.
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Solution.
Let f(x) = xsinx— 1. We know that V = 57.3°
Since f()=1xsin(1)-1=sin(57.3°) - 1 =-0.15849
and f(1.5)=1.5xsin (1.5)"— 1 = 1.5 x sin (85.95)° -1 = 0.49625;

aroot lies between 1 and 1.5.

1
- first approximation to the root is x = 5 (1+1.5)=1.25.

Then f(x,) = (1.25) sin (1.25) — 1 = 1.25 sin (71.625°) — 1 = 0.18627 and (1) < 0.

. aroot lies between 1 and x, =1.25.

1
Thus the second approximation to the root is x, = 5 (1+1.25) = 1.125.

Then f (x,) = 1.125 sin (1.125) — 1 = 1.125 sin (64.46)° — 1 = 0.01509 and (1) < 0

. aroot lies between 1 and X, = 1.125.

1
Thus the third approximation to the root is x, =5 (1+1.125) = 1.0625

Then f(x,) =1.0625 sin (1.0625) — 1 = 1.0625 sin (60.88) =1 =-0.0718 <0
and f(x,)) > 0, i.e. now the root lies between x, = 1.0625 and x,=1.125.

1
. fourth approximation to the root is x, =5 (1.0625 + 1.125) = 1.09375

Then fix,) =—-0.02836 < 0 and f (x,) > 0,
i.e., the root lies between x, = 1.09375 and x, = 1.125.

1
- fifth approximation to the root is x =5 (1.09375 + 1.125) = 1.10937

Then f(x,) = —0.00664 < 0 and f (x,) > 0.
.. the root lies between xX= 1.10937 and X,= 1.125.

Thus the sixth approximation to the root is
1
Xe=%5 (1.10937 + 1.125) = 1.11719

Then f(x,) = 0.00421 > 0. But f (x,) < 0.
.. the root lies between X, = 1.10937 and X, = 1.11719.

1
Thus the seventh approximation to the root is X=5 (1.10937 + 1.11719) = 1.11328

Hence the desired approximation to the root is 1.11328.
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Afxy, f(x,)

In this method, instead of taking two initial rough approximations to the root x = o as in
the previous two methods, a single rough approximation x, to the root is taken. Then we use the

following formula, known as Newton-Raphson formula or Newton iteration formula, to get the
successive approximations.

__fGy)
n+l n fl(xn) ...... (1)

Putting n=0,1,2, .....c........... etc. in the above formula (1), we get the first, second, third
approximations as follows.

_ f(x)
fi(x)

_ f(x)
fi(x)
oI
(%)

This method is useful in cases of large values of f!(x) i.e., when the graph of f (x) while
crossing the x-axis is nearly vertical.

1= %o
2 =X

X3

The process of finding successive approximations to the root (i.e., x,, x,, x, etc.) may be
continued till the root is found to desired degree of accuracy.

Example - 4 :

Find by Newton’s method, a root of the equation x* — 3x + 1= 0 correct to 3 decimal places.
Solution :

Let fx)=x*-3x+1
f(H-1-3+1=-1
f(2)=2"-32+1=8-6+1=3

= The root of f (x) lies between 1 & 2
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Let x, = 1.5, Also f,(x) = 3x* - 3
Newton’s formula gives

_3x)=3x, -3x +3x, -1 _2x -1
3 -3 3% -3 ()

Putting n = 0 in (i), the first approximation x, is given by

_2x5 -1 _2x(1.5)° -1 _2x3375-1 _5.75

X = - =22 21,533
'3y -3 3x(15)7° -3 3x225-3 375

Putting n = 1 in (i), the second approximation x, is given by

_2x -1 _2x(1.533)" -1 _2x3.6026-1 _ 6.2052
3x; -3 3x(1.533’ -3 3x235-3  4.05

=1.532

X

Example -5 :
Find the Newton’s method, the real root of the equation 3x = cos x + 1
Solution :
Let fix)=3x—-cosx—1
fO)=-2=-ve,f(1)=3-0.5403 - 1 =1.4597 + +ve
So aroot of f{x) = 0 lies between 0 and 1. It is nearer to 1. Let us take x, = 0.6.
Also f(x)=3+sinx

. Newton’s iteration formula gives

=y - fx) _ _3x,—cosx, —1 _xsinx, +cosx, +1 ‘
S E N 3+sinx, 3+sinx, ()

Putting n = 0, the first approximation x| is given by

_ X,sinx, +cosx, +1 _ (0.6)sin(0.6) + cos(0.6) +1
3+sinx, 3sin (0.6)

X

_0.6x0.5729 +0.82533 +1
3+0.5729

Putting n = 1 in (i), the second approximation is

=0.6071

_x;sinx, +cosx; +1 _ 0.6071sin(0.6071) +cos(0.6071) +1
3+sin x, 3 +sin (0.6071)

X

_0.6071x0.57049 +0.8213 +1
3+0.57049

Hence the desired root is 0.6071 correct to four decimal places.

=0.6071 Clearly, x, = x,.
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Assignment

Find a root of the following equations, using the bisection method correct to three decimal
places.

@ xX*-x-11=0
(b) x*-x-10=0

Find by Newton-Raphson method, a root of the following equations correct to 3 decimal
places.

@x*-3x+1=0
(b)3x*-9x*+8=0

Using Newton-Raphson method to evaluate the following

1
@ =5 ®) Va1
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